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THE DERIVED NON-COMMUTATIVE POISSON BRACKET ON 
KOSZUL CALABI-YAU ALGEBRAS 


XIAOJUN CHEN, ALIMJON ESHMATOV, EARKHOD ESHMATOV, AND SONG YANG 

Abstract. Let A be a Koszul (or more generally, V-Koszul) Calabi-Yau algebra. Inspired 
by the works of Kontsevich, Ginzburg and Van den Bergh, we show that there is a derived 
non-commutative Poisson structure on A, which induces a graded Lie algebra structure on 
the cyclic homology of A; moreover, we show that the Hochschild homology of A is a Lie 
module over the cyclic homology and the Gonnes long exact sequence is in fact a sequence 
of Lie modules. Finally, we show that the Leibniz-Loday bracket associated to the derived 
non-commutative Poisson structure on A is naturally mapped to the Gerstenhaber bracket 
on the Hochschild cohomology of its Koszul dual algebra and hence on that of A itself. 
Relations with some other brackets in literature are also discussed and several examples are 
given in detail. 
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1. Introduction 

The notion of Calabi-Yau algebras is introduced by Ginzburg ([23]), and has been inten¬ 
sively studied in recent years. They are associative algebras with some additional properties, 
and may be viewed as non-commutative generalization of affine Calabi-Yau varieties. It turns 
out that they are related to representation theory, non-commutative symplectic/algebraic ge¬ 
ometry, mirror symmetry, and much more. For more details, see, for example, [ziEiiniEaiMi 
and references therein. 

In this paper, we study the derived non-commutative Poisson structure on Koszul (or more 
generally, Y-Koszul in the sense of Berger |3|) Calabi-Yau algebras, continuing the work of 
Berest, Chen, Eshmatov and Ramadoss [1]. Let us start with some backgrounds. 
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1.1. Derived non-commutative Poisson structures. Let k be an algebraically closed 
field of characteristic zero. In 2005 Crawley-Boevey l[12jl introduced for associative algebras 
the notion of Ho-Poisson structure. Suppose A is an associative algebra over k, then an 
Ho-Poisson structure on A is a Lie bracket on ^/[^, ^] such that 

[a, —] : AI\A^ A] —>■ A/[A, A] 

is introduced by a derivation da ■ A ^ A, for all d € A/[A,A\. Such a notion perfectly 
fits a principle raised by Kontsevich and Rosenberg ([M]) in the study of non-commutative 
geometry, that is, any non-commutative geometric structure (such as the non-commutative 
symplectic, non-commutative Poisson, etc.) on a non-commutative space (here we mean 
an associative algebra) should induce its classical counterpart on the moduli space of its 
representations, i.e. on its representation scheme. Recall that for an associative algebra A, 
A/\A, A\ is always considered as the space of functions on A, and there is the canonical trace 
map 

Tr: A/[A,A] —^ A:[Repy( 2 l)] 

o I —{p I—>• trace(/?(a))} 

from the functions on A to the functions on the representation scheme of A in a A:-vector 
space V. The trace map is GL(R)-invariant, and Crawley-Boevey showed that if A admits an 
Ho-Poisson structure, then it naturally induces via the trace map a unique Poisson structure 
on Repy(H)//GL(P) for all n G N such that Tr is a map of Lie algebras. The notation “Hq” 
means the zero-th homology, since H/[H, H] is the zero-th Hochschild/cyclic homology of A. 

In 2012 the Ho-Poisson structure was generalized to the higher degree case in [T], where 
all cyclic homology groups are taken into account. The starting point is that the trace map 
(jl.ip is not perfect in the sense that in very rare cases Repy(H) is a smooth variety (cf. [T3] 
for further studies), and there are obstructions for Repy(H) to have the desired geometric 
property. The work [3] shows that instead one has to consider the homotopy category (in 
the sense of Quillen) of DG associative algebras. The main idea is to replace the associative 
algebra A by its cofibrant resolution QA, and then consider the DG representations of QA. It 
turns out that: (i) there is a surjective map from the cyclic homology HC,(H) to the homology 
of the commutator quotient space QA/\QA,QA]; (ii) the n-dimensional DG representation 
scheme of QA, which up to homotopy is denoted by DRepy(j4), is smooth in the differential 
graded sense. By passing to the homotopy category one obtains a natural map (called the 
derived trace map) 

HC.(H) ^ H.(DRepy(yl)) (1.2) 

from the cyclic homology of A to the homology of the derived representation scheme of A. 
For more details of DRepy(H), one may refer to [21 [3]. 

The work [T] may be viewed as an application of the general result of mm- In that 
paper, an algebra A is called to admit a derived non-commutative Poisson structure if there 
is a DG non-commutative Poisson structure in the sense of Crawley-Boevey on its cofibrant 
resolution. It is proved in [T] that if A admits a derived non-commutative Poisson structure, 
then (II.2p induces a unique graded Poisson structure on the derived representation schemes. 

As an important example, it is shown in [1] that the cobar construction Cl{C) of a cyclic 
coalgebra C (“cyclic” here means the dual space of C is a cyclic associative algebra) admits 
a derived non-commutative Poisson structure. Since D(C') is always a quasi-free (and hence 
cofibrant) DG algebra, from the above argument one obtains that any algebra A which is 
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quasi-isomorphic to ft{C) admits a derived non-commutative Poisson structure as well. It is 
exactly at this point that Koszul Calabi-Yau algebras come in. 

1.2. Koszul Calabi-Yau algebras. According to Ginzburg [23], an associative algebra A 
is called Calabi-Yau of dimension d (or d-Calabi-Yau for short) if 

— A is homologically smooth, that is, it has a finite resolution of finitely generated 
projective A G A°p modules; 

— there exists an isomorphism 

RHomyiigi^op (A, A (g) A) ~ A[—d] 

in the derived category of A (g) A°p modules. 

Ginzburg in loc. cit. also showed that if a Calabi-Yau algebra A is Koszul, then its Koszul 
dual algebra, denoted by A', is cyclic. Dually, the Koszul dual coalgebra of A, denoted by 
A‘, is a cyclic coalgebra. From Koszul duality theory there is a quasi-isomorphism 

n(Ai) ^ A, 

and since n(Ai) is cofibrant, by the work [T] sketched above, we thus obtain a derived non- 
commutative Poisson structure on A. 

In fact, a slightly more general class of Calabi-Yau algebras has the above property. In |3| 
Berger introduced the notion of Y^-Koszul algebras, where 2-Koszul is Koszul in the usual 
sense. If a Calabi-Yau algebra A is A^-Koszul, then is Koszul dual coalgebra A' is a cyclic 
Aoo coalgebra. Denote the cobar construction of A‘ by noo(A‘); we still have A ~ noo(A‘). 
There are many examples of Y^-Koszul Calabi-Yau algebras, such as the Sklyanin algebras, 
universal enveloping algebra of semi-simple Lie algebras, and Yang-Mills algebras, etc. The 
theorem below studies the derived non-commutative Poisson structure on A^-Koszul Calabi- 
Yau algebras in this general setting: 

Theorem 1.1. Let A be an N-Koszul d-Calabi-Yau algebra. Then 

(1) there is a degree 2 — d derived non-commutative Poisson structure on A, which induces 
a degree 2 — d graded Lie algebra structure on the cyclic homology HC,(A) of A; and 

(2) there is a degree 2 — d Lie module structure on the Hochschild homology HH,(A) over 
HC.(A). 

The first statement in the theorem may be viewed as an application of [H Lemma 11] to 
the Koszul Calabi-Yau case, and it also answers a question raised in the last paragraph in 
loc. cit. §5.4; the second statement is new. 

1.3. The Connes long exact sequence of Lie modules. The key ingredient in the above 
theorem is the structure of a differential graded version of the double Poisson bracket in the 
sense of Van den Bergh [35| on f2oo(A‘), where A' := k (B A' is the co-augmentation of Ak 
According to Van den Bergh, a double Poisson bracket on an associative algebra, say R, is a 
bilinear map 

•f-, -J : Rx R0 R 

satisfying some additional conditions. If R admits a double Poisson structure, then the 
commutator quotient space = R/[R, R] naturally admits a Lie algebra structure satisfying 
the criterion of Crawley-Boevey. From the famous result of Feigin and Tsygan [20|, for a 


4 XIAOJUN CHEN, ALIMJON ESHMATOV, FARKHOD ESHMATOV, AND SONG YANG 

Koszul algebra A, the homology of is exactly HC,(^) and Theorem 11.11 part (1) 

follows. 

Moreover, we recall that for an associative algebra A there is a well-known long exact 
sequence due to Connes, relating the cyclic and Hochschild homologies: 

• • • A A HC.(A) A HC._2(^) a a • • • 

By using an elegant interpretation of the Hochschild and cyclic homology of an algebra in 
terms of its bar construction, which is due to Quillen m, and by Theorem 11.11 part (1), we 
in fact obtain that and HC,(H) are Lie modules over the Lie algebra HC,(H), from 

which Theorem 11.11 part (2) follows, and we now claim that 

Theorem 1.2. The maps B,I and S are morphisms of Lie modules of degree 2 — d. 


1.4. The Poisson structure on derived representation schemes. The significance of 
the above two theorems is that the Lie module morphism naturally induces a Lie module 
morphism on the (derived) representation scheme of the Calabi-Yau algebra. As we mentioned 
above, there is a derived trace map 


Tr : HC.(A) ^ H,(DRepv'(A)). 

The images are GL(l/)-invariant, and in (Sj Theorem 5.2] this map is extended to Hochschild 
homology and there is in fact a commutative diagram 


HC.(A) 


HH.+i(A) 


Tr 

H.(DRepy(A)GLY)) 


Tr 

H.(Qi(DRepv.(A)GLY))), 


(1.3) 


where B in the upper line is the Connes differential. By in the bottom line is the de Rham 
differential and (—)'^'^(^) means the GL(R)-invariant space. 

Now recall that in classical Poisson geometry, if a manifold M has a Poisson structure, 
then the space of differential forms Ll*{M) on M is a Lie module over the space of functions 
where the Lie action is given as follows: for / € oj € 


[f,uj] := 

where AL'xf is the Lie derivative of the vector field Xj associated to /. In derived non- 
commutative geometry, we have similar results, and claim that 


Theorem 1.3 (to appear in [9]). Let A be a Koszul Calabi-Yau algebra. Then the diagram 
(HSl) is a commutative diagram of Lie module morphisms. 


To prove this theorem, we shall have to discuss the Lie derivative on the derived repre¬ 
sentation schemes, which is very much involved. We decide to give a complete proof in a 
separate paper; however, for reader’s convenience we give enough backgrounds in ^ 


1.5. Relations to the Gerstenhaber and the de Vdlcsey-Van den Bergh brackets. 

The construction of the double Poisson bracket on fioo(A‘) is also inspired by the Kontsevich 
bracket in non-commutative symplectic geometry (see Kontsevich [33j as well as Ginzburg 
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|22| and Van den Bergh [45] for further discussions). It is direct to check that if is a 

double Poisson bracket on R then 

} = fJ'O ^ — ■ R X R ^ R 

defines a Leibniz-Loday bracket on R, where /U is the multiplication. For more details of 
the Leibniz-Loday bracket, see ^ It has been interesting for a long time to explore the 
relationships among the brackets such as the Gerstenhaber bracket, the Leibniz-Loday bracket 
and the non-commutative Poisson bracket of Kontsevich and Van den Bergh, etc. In this 
paper we also study this problem in the case of Koszul Calabi-Yau algebras with some detail. 

First, we observe that there is a natural quasi-isomorphism (a version of non-commutative 
Poincare duality originally due to Tradler [H]) 

from the Hochschild chain complex of A' to the Hochschild cochain complex of A'. Second, 
we observe that r2(A') naturally embeds into CH,(A‘) as chain complexes. By combining 
these two observations, we obtain the following theorem: 

Theorem 1.4. Let A be an N-Koszul d-Calabi-Yau algebra. Denote by A its Koszul dual 
coalgebra. Denote by }dncp Ihe Leibniz-Loday bracket associated to the derived non- 
commutative Poisson strueture on A and by }g the Gerstenhaber bracket on CH*(T'), 
respectively. Then we have 

o B{u, u}dngp = {4> o B{u), o B{v)}g, 
for any u,v € where B is the Cannes cyclie operator. 

A classical result of Keller m Theorem 3.5] says that if A is Koszul, then the Hochschild 
cohomology of A and of A' are isomorphic as Gerstenhaber algebras. His theorem holds 
for iV-Koszul algebras, too. Therefore, Theorem 11.41 implies that ^ o B, composed with the 
isomorphism of Keller, maps the Leibniz-Loday bracket of A to the Gerstenhaber bracket on 
the Hochschild cohomology of A itself. 

The above result allows us to give an explicit formula for the Lie bracket on the cyclic 
homology and the Lie module structure on the Hochschild homology. First, we recall that 
(HH*(A),U) is a graded commutative algebra and (HH,(A),n) is a graded module 

n : HH™(A) G) HH’^(A) ^ RR^-niA ), a ® ^ a n / 

and we denote if (a) := aD f. Now if A is d-Calabi-Yau, then there in fact exists an element 
ui G HHrf(A) such that the cap product with w: 

^:HH*(A) ^ RRd-.{A) 
f ^ 

is an isomorphism, which is called the non-commutative Van den Bergh-Poineare duality for 
A. We can show 

Corollary 1.5. The Lie bracket of Theorem \l.l\ on HC,(A) is given by 

{a,/3}DNCP = (1-4) 

for a,l3 ^ HC,(A), where B : HC,(A) ^ HH, 4 _i(A) is the Cannes operator. The Lie module 
structure on HH,(A) is also given by the bracket ([1.411 for fi G HH,(A). 
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Another consequence of Theorem 11.41 is that it relates the Lie bracket }dngp of 

Theorem o on HC,(A) with the Lie bracket , — }dvv of de Volcsey-Van den Bergh on the 
negative cyclic homology HC~(A) introduced in [T7]. Let us briefly recall their construction. 
Let CC“(A) be the negative cyclic complex and let vr ; CC“(A) —>■ CH,(A) be the natural 
projection in to the last two columns (see e.g. [351 Section 5.1.4.1]). Next, let U be the cup 
product on HH*(A). Then 


{-,-}dvv: HC-(A)xHC-(A) ^ 

{m,V 2 ) '—^ (-l)l’?il+‘^B o 4'(T-i(7r(r?i)) U 4'"^(7r(r/2))) 

(1.5) 

where B : HHq(A) —)• HC~^_]^(A) is the map induced from the Connes operator and T is 
the non-commutative Poincare duality. Prom the following commutative diagram (see m 
Proposition 5.1.5]) 


HC.(A) 


id 


HC.(A) 


B 


HC.-+i(A) 


HH.+i(A), 


( 1 . 6 ) 


we have 


Theorem 1.6. Let A be an N-Koszul d-Calabi-Yau algebra. Then 

B{a,/3}DNCP = {-B(a), B(/3)}dvv 

for any a,/? € HC,(A). 

The rest of the paper is devoted to the proof of the above theorems. It is organized as 
follows: in lJ2]we recollect several basic notions such as the Hochschild and cyclic homology of 
algebras and coalgebras; in ^we recall the definition of double Poisson algebras in the sense 
of Van den Bergh and their bimodules; in f3]we show that for a class of coalgebras there is a 
double Poisson bracket on their cobar construction; in f[5]we continue to show that, for the 
cobar construction, when viewing it as a DG algebra, its non-commutative differential 1-forms 
admit a double Poisson bimodule structure; in fJSlwe show iV-Koszul Calabi-Yau algebras have 
a derived non-commutative Poisson structure; in f|7]we give a brief introduction to derived 
representation schemes and derived non-commutative Poisson structures; in ]j8]we prove the 
main theorems listed in 311 and in 39] we give by explicit formulas several brackets on the 
space of polynomials of several variables. 

Acknowledgements. We would like to thank Yuri Berest for helpful communications and 
NSFC (No. 11271269) for partial support. 

2. Hochschild and cyclic homologies of coalgebras 

2.1. Bar and cobar constructions. Let A: be a field of characteristic zero. An associative 
A:-algebra A is said to be augmented if there is an algebra homomorphism e : A ^ k, called 
the augmentation map. In particular, A is canonically isomorphic, as a vector space, to k(BA, 
where A = Ker(e). 

The bar eonstruetion of an augmented algebra A, denoted by B(A), is a DG coalgebra 
defined as follows. First, recall that the suspension of a graded vector space V is the graded 
vector space sV such that (sV)i = V-i- Similarly, the desuspension is s~^V such that 
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(s ^V)i = Vi+i- As a coalgebra B(A) is the tensor coalgebra T{sA) of the underlying vector 
space of A located in degree one. The coproduct is 


n 

• • • , CLn) — ^ ■ ■ ■ ) ® ■ ■ ■ ) Q-ri) 

i=0 


while the differential is 


n—1 

,a„) = • ,0* -aj+i,--- ,a„). 

i=l 

The counit rj : B(A) —)■ fc is the projection onto = k and we will denote by B(A) the 
Ker(r^). 

A coassociative coalgebra (C, A) is a coaugmented coalgebra if there is coalgebra homo¬ 
morphism u : k ^ C. Then C can be identified as a vector space to /c 0 C, where C is the 
Coker (u). Define the reduced coproduct A : C —>■ C 0 C as the composite 

C^C^C(^C^C0C 


where i and tt are canonical inclusion and projection. Then cobar construction of C is a DG 
algebra ri(C) 0 defined as follows. As an algebra it is the tensor algebra T{s~^C) and the 
differential is 

n 

b'{ci,--- ,Cn) = ,Cn) 

i=l {Ci) 

where A(ci) = map e : fc —>■ ri((7) is the inclusion into = k, and 

we will write ri((7) for Coker(e), which is the reduced cobar construction of C. 

2.2. The cyclic bicomplex. Let C be a coalgebra over k. We write A(c) = X^(c) d 0 c” 
for the coproduct in C. Then we consider the following double complex which is obtained by 
reversing the arrows in the standard (Tsygan) double complex of an algebra: 


N 


N 


N 


^(E>3 
b 

b 


1-T 


1-T 


1-T 


V 

(J®2 

b' 


N 


N 


N 


b 

(J®2 

h 

^ c 


1-T 


1-T 


1-T 


0 0 0 

This double complex is 2-periodic in horizontal direction, with operators b', h, T, N given by 

n 

b'{ci,--- ,Cn) ■■= ,Cn), 

i=l (Ci) 

b{ci,--- ,Cn) := ,Cn)0^(-l)’^(c'/,C2,--- ,Cn,c'i), 

^In this paper the cobar construction is denoted by the bold face ft while the standard means the 
non-commutative differential forms. 
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r(ci,---,Cn) := (-1)"' nC2, • • • ,Cn,Ci), 

n—1 

N := '^T\ 

i=0 

The 6-column is called the Hochschild chain complex CH,(C') of C: it defines the Hochschild 
homology HH,(C'). The 6hcolumn is the reduced cobar construction of co-augmented coal¬ 
gebra C = k ® C shifted by degree one; here C is the co-angmentation of C, which, as a 
vector space, is /c © C, with k being the co-nnit. The kernel of 1 — T from the 6-complex to 
the 6'-complex is called the cyclic complex ©©.(C): by definition, its homology is the cyclic 
homology HC, of C. 

In practice, to compute the Hochschild and cyclic homologies, one usually considers the 
normalized Hochschild complex. For a co-angmented coalgebra C, the normalized Hochschild 
complex 

CT„(C) := C© 

with the differential indnced from 6. Similarly to the algebra case, CH,(C) and CH,(C') 
are qnasi-isomorphic; however, CH,(C') may be viewed as a tensor product C © ^((7) with 
a twisted differential given by zd © 6' + tl + tr, where b' is the differential in the cobar 
construction, and tl and tr are given by 

Tl(co,Ci,-- - ,Cn) := ^(Co,Co,Ci,-- - ,Cn), 

(co) 

©l(cO)Cl)''‘ Tn) • ^ f) (CojCI)''' TrijCg). 

(co) 

Under this identification, one sees that the cobar construction embeds into the Hochschild 
complex as complexes 

n{c) CH.(C) ^2.1) 

(ci,---,Cn) I-1 © (Ci, • • • ,Cn). 

We now recall some facts about the cyclic bicomplex from Quillen im Section 1.3]. Let 
A be an associative algebra. The commntator snbspace of A is [H, A\ which is the image of 
g, — lia : H H H where /i is the product in A and a is the switching operator, and the 
commntator qnotient space is 

:= Aj\A^ A] = Coker(/r — /nr). 

Dually, for a coassociative coalgebra C the cocommutator subspace of C is 

:= Ker{A - aA : C ^ C © C}. 

Let A = k(B A he the augmentation of A (recall that the augmentation of a not-necessarily 
unital algebra A is the algebra A = k A where k plays the role of the unit). Let B be the 
reduced bar construction of A. The following lemma is m Lemma 1.2]: 

Lemma 2.1. The space is the kernel of 1 — T acting on Hence, we have the 

isomorphism of complexes CC,_i(H) = B^. 

Remark 2.2. For the convenience of later discussions, from now on we shall shift 
the degrees of CC,(H) up by one, and just write the above identity and alike as 

CC,(H) ^B^ 
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Dually, the space (ri(C')(j)n is the cokernel of 1 — T acting on C®”. Thus, by the isomor¬ 
phisms 

CC.(A) = Coker(l - T) ^ Ker(l - T), CC.(C) = Ker(l - T) ^ Coker(l - T), (2.2) 

we have the following lemma 

Lemma 2.3. As complexes of k-vector spaces = CC,(C'). Hence, 

HC.(C)^H.[n(C)^]. 

There is an efficient way to compute the cyclic homology. Let us recall that (cf. [3Sj) for 
a unital and augmented algebra ^ = A: © ^, its reduced cyclic chain complex 

CC.(A) := Cokerjl - T : C®^}. 

The associated homology is the reduced cyclic homology of A, and is denoted by HC,(j 4), 
and there is in fact a decomposition 

HC.(Al) ^ HC.(A;) ©HC.(Al). 

The following is originally due to Feigin and Tsygan, and is now well-known (see e.g. O 
Proposition 4.2]): 

Proposition 2.4. Let R ^ A he a quasi-free resolution of an algebra A. Then there is 
quasi-isomorphism CC,(^) —>■ .Rt, inducing isomorphism of homologies HC,(^) ~ H,(R[,), 
where CC,(—) and HC,(—) are the reduced cyclic chain complex and reduced cyclic homology 
respectively. 

Thus, combining the above two results, one obtains 

Corollary 2.5. Let C be a coaugmented coalgebra such that Cl{C) A is a quasi-free 
resolution of an algebra A. Then HC,(A) = HC,(C'). Moreover, if A is an augmented 
algebra then HC,(4.) = HC,(C). 

Proof. First, by Proposition 12.41 HC,(^) ~ H,[r2(C')[j]. The later by definition is isomorphic 
to HC,(C). Since C is coaugmented, using arguments similar to that in [35l Proposition 
2.2.16], we obtain HC,(C) ^ HC,(C). 

The second part follows from the first one, since in this case HC,(4.) = HC,(A:) © HC,(A) 
andHC.(C) = HC.(A:)©HC,(C). □ 

2.3. Non-commutative differential forms on algebras and coalgebras. The most of 
the material in this section is either taken from mms] or merely stating the dual version of 
those results. 

For a DG algebra R, we denote by the kernel of the multiplication map R©R —)• R. It is 
a DG bimodule induced from outer bimodule structure on R^R and it represents Der(i?, —), 
the complex of A:-linear graded derivations. Thus, for any R-bimodule M, we have 

I^(R,M) ^ Hom^e(D)j,M). 

If M = the derivation d : R —> Djj then corresponding to the identity map under this 
isomorphism, is a universal derivation. 
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Let V he a fe-linear vector space and R be the free algebra Then can be 

identihed with i? (© F © i?. Indeed, there is a bijection I : i? © "L (g) i? ^ (see [HI Example 
3.10]) 

• • • Vp-i) (g> lip (g) (i;p+i • • • 1;^)} 

= (ui ■ ■ ■ Vp) (g) (-Up+I ■ ■ ■ Vm) - {vi ■ ■ ■ Vp-i) (g) (Vp • ■ ■ Vm) (2.3) 

and the universal derivation d : R ^ is given by 

m 

d{vi V2 ■■■ Vra) = ^^(^^1 ' ' ' Vi-i) ®Vi® {Vi+i ■ ■ ■ Vm) ■ 
i=l 

A simple computation shows 

l{d{viV 2 ■ ■ ■ Vra)) = (ui U 2 • • • U^) ® 1 “ 1 ® (ill 1^2 ' ' ' I’m)- (2.4) 

Next, for an i?-bimodule M, we dehne := M/[R, M], Then ^ is isomorphic to R®V 
and the map B : R ^ induced by B is defined as 

m 

B{viV2---Vm) = ...Urnlll • • • Ui-i) ® Uj. (2.5) 

i=l 

One can also define a graded map /3 : n^(ii)[, —)■ R given by 

Biiyi ■ ■ ■ Vra) ®Vm+l) = (ui • • • Hm+l) “ (Hm+l ^l ' ' ' Hm) • (2.6) 

It is easy to check that /3(9 = 5/3 = 0 (see m Proposition 3.8]). 

The above maps give a commutative diagram 




oi 

“Atl 


R®R 

fiocr 

R 


(2.7) 


where a : R ® R ^ R ® R,r ® q (—l)l'’ll'?lg g) r the graded switching operator. 

Now let (C, A) be a coalgebra. Then M is a bicomodule over C* is a vector space equipped 
with left and right coproducts Ai : M ^ C ® M, : M ^ M ® C defining left and right 
comodule structures which commute: (A; g 1) o A^ = (1 g A^) o A;. The cocommutator 
subspace of M is 

M'^ := Ker{Ai - aAr : M ^ C ® M} . 

We let the non-commutative differentials one-forms on C, be the bicomodule Coker(A). 
The cocommutator subspace we denote by 11*^4_ yye g^n introduce the maps /3 : C —>■ 
and B : (J. 

Recall that B is the bar construction of A. The following is proved in [411 Theorem 4]: 

Theorem 2.6. The complex is canonically isomorphic to CH,(A), the Hochschild com¬ 
plex of A. Under this identification fi = 1 — T and B = N. 


Dually we can show 

Theorem 2.7. Let C be a coalgebra and let R = Q,{C), where C := kT)C. Then the complex 
is isomorphic to CH,(C'). Under this identification /3 = 1 — T and B = N. 
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It has been pointed out in m Remark 5.14] that the cyclic bicomplex for the algebra A 
can be identified with the periodic sequence of complexes 


B 


B 



B 


B 


-/3 


Similarly, in view of Lemma 12.31 and Theorem 12.71 one has 


( 2 . 8 ) 


Proposition 2.8. The cyclic bicomplex for the coalgebra C can be identified with 

Q{C) — (2.9) 

The following result is essentially established in m (see also my- 

Lemma 2.9. Let C be a coaugmented coalgebra such that r2(C) A is a quasi-free resolution 
of an algebra A. Then HH,(A) = HH,(C'). 

Combining the above lemma with Theorem 12.71 one obtains 

Corollary 2.10. If Ll{C) A is a quasi-free resolution of A and R = fl(C) then 

HH.(A)-H.(L!],,^). (2.10) 

2.4. The Aqo algebra and coalgebra case. The advantage of rephrasing the Hochschild 
and cyclic homology groups in the proceeding subsections is that they can be easily generalized 
to the ^oo algebra and coalgebra case. 

Definition 2.11 [A^ algebra). Let ^ be a graded vector space. An A^ algebra structure 
on A is a sequence of linear operators 

mn-.A ®^—n = l,2, ••• (2.11) 

of degree n — 2 such that 

® m, O id®^) = 0. (2.12) 

r+s+£=n 

An Aoo algebra A is called unital, if there exists a map k ^ A which maps 1 to 1, such that 

/ri(l) = 0, p 2 ia,I) = T 2 il,a) = a, and /r,i(ai, • • • , aj_i, 1, Oj+i, a^) = 0, for all n > 3, 

where /ii, ' ^ire the Aqo operators. It is called unital and augmented if furthermore there 
is a map A ^ k such that the composition 

k ^ A ^ k 

is the identity. In this case, A is decomposed into direct sum A: • 1 0 A of Aqo algebras. 

Definition 2.12 (Aqo coalgebras). Let C be a graded vector space. An Aqo coalgebra struc¬ 
ture on C is a sequence of linear operators 

: C— >C®'^, n = l,2,--- (2.13) 

of degree n — 2 such that 

^ (-l)^+"*(zd®"(8) A,0zd®*)A^+i+4 = 0. (2.14) 

r+s+t=n 

An Aqo coalgebra C is said to be co-unital if there is a map p : C ^ k such that for all c & C, 

r/oAi(c) = 0, 
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{rj ® id-\-id ® rj) o/\ 2 {c) = l(8>c + c(8>l, and 

( ^ ® r? <8> id®^'^ o An{c) = 0, for all n > 3. 

j-\-k-\-l=n 

It is called co-unital and co-augmented if furthermore there is a map k ^ C such that the 
composition /c —>■ C —>■ /c is the identity. 

Assumption 2.13. From now on we shall that for an Aoo-coalgebra C, in each 

grading Ci is finite dimensional (in literature C is called locally finite dimensional), and 
that all but finitely many An(v) vanish, for each v G C. In particular, the Koszul dual A^o 
coalgebra A^ of an N-Koszul algebra (to he studied later), which only has A 2 and A^r, satisfies 
this assumption. 

Definition 2.14 (Bar and cobar constructions). Suppose A is a unital and augmented A^o 
algebra, and C is a co-unital and co-augmented A^o coalgebra (satisfying Assumption 12.131 
above). The bar construction of A, denoted by B(X)(A), is the quasi-free graded coalgebra 
T{sA) generated by sA, with differential d = di -|- ^2 + • • •, where dn is defined on the 
co-generators by 

dn ■ (sA)®^ sA C T{sA) 

{saw- ,san) ^ 

and is extended to T{sA) by derivation, where vr : A —>■ A is the projection. 

Similarly, the cobar construction of C, denoted by rioo(C'), is the quasi-free graded algebra 
T{s~^C) generated by s~^C with differential d defined on the generators by 

s-^C T{s-^C) 

s~^c I —> (s“^ o TT o Ai -|- (s“^)®^ o (tt®^) O A2 + ■ ■ ■ )(c), 

which extends to T(s“^(A)) by derivation, where in the above expression, tt : C —>■ C is the 
projection. 

Definition 2.15 (Hochschild and cyclic homology of Aqo algebras and coalgebras). (1) For 
an Aoo algebra A, define its Hochschild homology HH,(A) to be as in Theorem 

12.61 and its cyclic homology HC,(A) to be H,(Boo(A)^) as in Lemma ITTI 

(2) For an Aqo coalgebra C, define its Hochschild homology HH,(C) to be H,(n^ - ) as 

in Theorem 12.71 and its cyclic homology HC,(C') to be H,(f2oo(C)ti) as in Lemma 

In the above dehnition, A and C are the augmentation of A and the co-augmentation of 
C, respectively, which are dehned to be the same as for algebras and coalgebras. 

Remark 2.16. As has been shown above, for DG algebras and coalgebras, the definitions 
given above coincide with the standard ones (cf. Loday [35]L 

Proposition 2.17. Throughout Lemma, \2. l\ -Corolla,ru [2fT(K the statements remain true when 
the algebra A is replaced by an Aqo algebra A and respectively the coalgebra C is replaced by 
an Aoo coalgebra C. 

^This assumption is also used by Proute in his definition of coalgebras; see |,S9[ Definition 3.2]. 
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Proof. In the proofs of these statements, the only fact that is used is that B(j 4) is a quasi-free 
DG coalgebra and 17(6') is a quasi-free DG algebra, which is also true for Boo(^) and S7oo(6) 
respectively. □ 

Finally, we show that for unital and augmented A^o algebras and coalgebras, their Hochschild 
chain complex is quasi-isomorphic to their normalized Hochschild chain complex. 

Proposition 2.18. Suppose A is a unital and augmented A^o algebra and C is a co-unital 
and co-augmented A^o coalgebra. The the following are quasi-isomorphic 

CH, (A) ~ CH. (A), GH. ( 6 ) ~ CT, ( 6 ). 

Proof. The same argument for algebras (see Today [351 Proposition 1.6.5]) remains to hold 
for the ^oo case. □ 

As an application, we see that 

CH.(A) ~ A®Boo(^), CH.( 6)-6 01700(6), 

with the differential properly defined. In particular, there is an embedding 

17oo(6) ^ 01.(6) ^2.15) 

(oi,'"' , On) ' t (l,Oi,''' , On) 

of chain complexes similar to the coalgebra case (compare with (| 2 . 1 |) i. 


3. Double Poisson algebras and bimodules 

In this section we remind the definition of a double Poisson algebra A, and introduce the 
notion of a double Poisson bimodule M. After that, we discuss the construction of n-Poisson 
structures. 


3.1. Double Poisson algebras. 


Definition 3.1. Suppose A is a unital, associative algebra over a field k. A double bracket 
on A is a bilinear map •§(—,—J : A x A—^A^A which satisfies 

ia,bl = -ib,ar, (3.1) 

f a, 6 c]g-= a, cj-h f a, , (3.2) 


where {u 0 v)° = i; 0 n. Here the action of b and c is given via outer bimodule structure 
on A 0 A, that is, b{ai 0 02)0 := bai 0 020 . We recall that the inner bimodule structure on 
A 0 A is given by 

6 * (m 0 02 ) * c := oic 0 ba 2 . (3-3) 

The formulas (13.11) and (13.21) imply that •§(—, — is a derivation on its first argument for the 
inner bimodule structure 

1 ) 06 , c]g-= a * cj-g^a, cj * 5. (3.4) 

Suppose that f, —(§■ is a double bracket on A. For a, bi, ..., bn G A, let 
•g)o, 61 0 • • • 0 := fa, 61J 0 62 0 • • • 0 ftn, 


and let 


iTs(6i 0 • • • 0 bn) := 6s-l(l) 0 • • • 0 6s-l(n), 
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where s is a permutation of {1,2,-•• ,n}. If furthermore A satisfies the following double 
Jacobi identity 

+ cj(i23){{&,-8;c,a§}}^ + o-(i32){{c,-g;a,6J}}^ = 0, (3.5) 

then A is called a double Poisson algebra. 

Let fi : A® A —>■ A denote the multiplication on A, and let {—, —} := —, —)§■ : A® A —)■ 

A. Then } induces well-defined maps A\^x A ^ A and A\^ x A'^ A\^ (see m Lemma 

2.4.1]). Futhermore, the latter bracket is anti-symmetric. 

Definition 3.2. A left Leibniz-Loday a/ge6rc^ is a vector space L with a bilinear operation 
, —] such that it satisfies 

[a, [b,c]] = [[a,b],c] + [b, [a,c]]. 

From the definition one immediately sees that 

Lemma 3.3. (A, {—, —}) is a left Leibniz-Loday algebra. 

As a consequence of Lemma 13.31 and (13.ip , we have 

Corollary 3.4. If A is a double Poisson algebra, then } makes = A/[A, A] into a 
Lie algebra and A into a Lie module over A(,. 

Proof. See Van den Bergh m Lemmas 2.4.2 and 2.6.2]. □ 

3.2. Donble Poisson bimodules. 

Definition 3.5. Let A be a double Poisson algebra with the double bracket J and let 

AI be an A-bimodule. Then a double Poisson bracket on M is a bilinear product -f—, — : 

A X M ^ {A® M) 0 (M 0 A) such that the following axioms hold for all a,b ^ A and all 
m,n & M\ 

(i) la,bm}j^ = la,b} m-I b la,m} , la,mb},^ = la,m}j^b + mla,b}j^; 

(ii) lab,m}j^^ = a * lb,m}+ ia,m}* b. 

Remark 3.6. Expressions |]a, 5]^ m and m ^a, bJ^^j should be understood as follows. If 
|]a, b^ = |]a, 0 -^o, b^', then fa, m G A ® M via the left action of fo, b^' on m 

and m fa, 6f G M 0 A via the right action of fa, 6f^ on m. Also, * in a * f6, mf^ and 
fa, * 6 is the action of A on A 0 M and M 0 A as inner bimodules (compare to (|3.3p i. 

Our next is to introduce the Jacobi identity for the double bracket f—, — 
need to define the following expressions: {{o, f w-f {{ft, f fR, of {{o^, f ft, of 

First, we dehne 

fm,ftf^ :=-(fft,mf^)° , (3.6) 

that is, if f ft, mJj^j = (fti 0 mi) © (m 2 0 ft 2 ), then fm, ftf ^ = —(ft 2 0 m 2 ) 0 (mi 0 fti). Then 
{{o,fft,mf^}}^ := ({{a, fti}} 0 mi) 0 ({{o, m 2 }}^ 0 ft 2 ) , (3.7) 

which is in (A0A0M)0(A0M0A). Using (13.61) and (13. 7p , we can define {{ft, fof 
Finally, if fa, ftf = fa, ftf^ 0 fa, ftfthen 

{{m, fa, ftf := {{m, fa, ftf0 fo, ftf" G (A 0 M 0 A) © (M 0 A 0 A). 

o 

This algebraic structure is introduced by Today, which he calls Leibniz algebra, while some other authors, 
for example. Van den Bergh |45 |. call it Loday algebra', we here combine these two terminologies together. 
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Definition 3.7. Let A be a double Poisson algebra with the double bracket and 

let M be an ^-bimodule with a double bracket f—, — Then we say that M is a double 
Poisson A-bimodule if 

(in) + f7(i23){{6,f"i>a}}^}}^ + fT(i 32 ){{m,|;a, 6 }}}}^ = 0, (3.8) 

for all a,b € A and m,n £ M. 

Remark 3.8. It is clear that A itself a double Poisson T-bimodule. 

Let (M, 1)—, —^j^) be a double Poisson T-bimodule. Then we define 

; —}m = o 1)—, — Jm '■ A X M ^ M , 

where ^ M) © (Ad © vl) —?> M is the bimodule action map. And one can prove 

Proposition 3.9. , —}m induces well-defined maps A^x M ^ M and A\^ x > M^. 

Proof. (1) Let a,b £ A and m G M. Then 
{ab-ba,m}M = fab, m}j^ - fiM iba, m}j^ 

= l^M (a* P, + fa, *b) - p,M(b* fa, + f 6 , * a) 

= P, mfj^ a p, mf Xf + fa, mf b fa, mf X? 

- fa, b fa, mf- f 6 , m}}'^ a f 6 , m}'^ = 0 . 

(2) We let 

{“, ~}M,\i := ^ o {—, —}m '■ a X M ^ M(,, (3.9) 

where [^ : M —>■ M[, is the projection map. Then 

{a, cm - mc}M,\] = t] ({a, c}m - m{a, c}) + t] (c{a, m}M - {a, m}Mc) = 0 , 
and hence by ( 1 ) we have , —}m, 1 ] : x —>■ M^. □ 

Next, we establish the following statement 

Proposition 3.10. The brackets }m and define on M and respectively 

Lie module structures over the Lie algebra A^. 

Proof. We need to show that 

{{a, b}, m}M = {a, {b, mjuju - {b, {a, m}M}M ■ (3.10) 

Indeed, we have 

{{a, 6 },m}M = ^M[{{fa, 6 f'• fa, 6 }}",m}}^] 

= HM [fa, bf * {{ fa, bp, m}} ^ + {{fa, bf, m}} ^ * fa, b}"] 

= /im [(1 ©mm) of7(i32){{m,f6,af}}^ - (mm © 1 ) o a-(i 32 ){{m, f a, 6 }}}} J , 
{a,{b,m}M}M = hM[^a,p,m}'j^ ■ p,m}M}}j^] 

= MM [{{a, p, mf^}} ■ p, mfXf + f 6 , mfj^ ■ {{a, f 6 , mf Xf}}] 

= MM [(mm © 1) {{a, p, - (1 © mm) o fT(i 23 ) {{a, f m, b}j ^}}^], 

= MM[{{^fa,mf'^ • fa,mf'(^}}^] 

= MM[{{^fa,mf'^}} • p,m}'l^ + p,m}'j^ ■ {{ 6 , f a, mf }}] 


{b, {a,m}M}M 
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= - inM ® 1) oo-(i 23){{M"^'> a JmDl] • 

Using these identities and (|3.8I) we obtain (13.101) . □ 

3.3. Double n-Poisson structures. One can easily generalize the above notions to the 
n-graded case. Indeed, let A = be a Z-graded vector space. We denote by A[n] the 

graded vector space with degree shifted by n, explicitly, A[n] = ©(j4[n])j with {A\n\)i = Ai^n- 
Then a double bracket of degree n on ^4 is a bilinear map ^ ■. A y. A ^ [A® j 4)[—n] 

satisfying 

(3.11) 

ia,b-c}} = (3.12) 

The pair ( 74 ,-^—,—!•) is a double n-Poisson algebra if in addition it satisfies the n-graded 
version of the Jacobi identity 

Similarly, we can define the notion of a double n-Poisson bimodule and n-graded version of 
results of previous two sections can be summarized in the following proposition 

Proposition 3.11. Let A be a double n-Poisson algebra and M be a double n-Poisson A- 
bimodule. Then 

(i) the bracket {—, —} makes A^^ into an n-Lie algebra and A into n-Lie module; 

(ii) the brackets }m and make M and Mj, respectively into n-Lie module 

over A\^. 

4. Double Poisson structure on the cobar construction 

In this section, we will define a natural double bracket on the DG algebra R which is the 
cobar construction of a cyclic Aoo coalgebra. 

4.1. Cyclic algebras and coalgebras. The notion of cyclic ^00 algebras is hrst introduced 
by Kontsevich ([33])- Recall that a symmetric bilinear form of degree —d on a graded vector 
space U is a bilinear pairing (—, —) -.V^V k[d] such that 

= (—for all u, rc G U . (4.1) 

A cyclic Aoo algebra A is an Aqo algebra with a non-degenerate symmetric bilinear form of 
degree —d 

—) : A (?) A —^ k[d] 

such that 

(/r„(ai,a 2 ,--- ,an),an+i) = oi, • • • On-i), a^) (4.2) 

for all n G N and all oq, oi, • • • , G A. Similarly, one can define cyclic Aqo coalgebras: 

Definition 4.1 (Cyclic Aqo coalgebra). Suppose (C, {A^.}) is an Aqo coalgebra. C is called 
cyclic of degree —d if there is a non-degenerate symmetric bilinear form of degree —d 

(-,-) :C^C^k[d] 

such that for any a,b £ C, 

{a,b^)-b^-'-R = (-1)^+I^'I(I“I+U ^ 


(4.3) 
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where we write Ar{a) = and Ar{b) = 6^6^ ■ ■ - V. 

The notion of cyclic coalgebras will be useful for our next discussion. We have the 
following lemma: 

Lemma 4.2. Suppose C is of finite dimension. Then C is a cyclie A^o coalgebra if and only 
if A := C* = Homfc(C', A:) is a cyclic A^o algebra. 

Proof. Denote the ^oo operators of C and A by Ai,A 2 ,--- and respectively. 

Under the isomorphism of A-vector spaces 

C ^ A 
a I —> a* := a), 

consider the evaluation of both sides of (|4.3p on any (xi,X 2 , ■ ■ ■ ,Xr-i) G We have: 

{xi,X2, ■ ■ ■ ,Xr-i){{b,a"){a^ ■ ■ ■ a"~^)) = {b,a") ■ {xi,X2, ■ ■ ■ ,Xr-i){a^ ■ ■ ■ a"~^) 

= {xi,X2,- " Xr-i,b*){a^a'^ ■ ■ ■ a^) 

= {xi,X2,-■ ■ ,Xr-i,b*)Ar{a) 

= {firixi,X 2 ,--- ,Xr-l,b*){a) 

= {frrixi,X 2 ,-■ ■ ,Xr-i,b*),a*). (4.4) 

Similarly, the evaluation 

,Xr-i){{a,b^){b'^ ■ ■ ■b'^)) = (a*, xi, X2, • • • ,Xr-i){b^ ■ ■ ■ 

= {a*,Xi,X 2 ,--- ,Xr-l)Ar{b) 

= firia*,Xi,X2,-■ ■ ,Xr-l)ib) 

= {iJ,r{a*,xi,X 2 r-- ,Xr-i),b*). (4.5) 

The most right hand side of (|4.4D equals the most right hand side of (|4.5I) with sign counted 
if and only if (|4.2I) holds, and thus the lemma follows. □ 

Remark 4.3. By repeatedly applying (j4.2p to (j4.4p or to (j4.5p one gets more identities like 

{a^, b) ■ = ±(o, b^) ■ b^ ■ ■ ■ b^-^b^+^ • • • (4.6) 

We leave the check to the interested reader. 

4.2. Double bracket on the cobar construction. The following result has already ap¬ 
peared in [U Theorem 15] when C is a cyclic coalgebra (not A^o). 

Lemma 4.4. Let C be a cyclic A^o coalgebra of degree —d and let R = CloaiC)- Then we 
define J : R x R ^ R0 R by 

:= ^ ■ {s~^wi ■ ■ ■ s~^Wj-is~^Vi+i ■ ■ ■ s~^Vk) 

/ ,k \ 

\j = l,--- ,mj 

^{s~^Vl ■ ■ ■ S~^Vi-l S~^Wj + l ■ ■ ■ S~^Wm) , (4.7) 

for r = {s~^vi s~^V 2 ■ ■ ■ s~^Vk) and q = {s~^wi s~^W 2 ■ ■ ■ s~^Wm), where e is 

(|r|-F(i)(|s"^r(;i|H-h|s"^u;j_i|)-F(|s"^ui|-|-h|s"^'(;i_i|-b|s"^r(;j|-bd)(|s“^ni+i|4-h|s“^nfc|). 

Then the bracket (BID gives a DG double n-Poisson structure on R, where n = 2 — d . 
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Proof. The proof is essentially the same as in [IJ Theorem 15]. We only need to show that 
the bracket commutes with the differential, which involves the A^o operators. 

From the definition of the double bracket, 

id{aia2 ■ ■ ■ am), • • • ^n]8-+(-l)'“'|aia2 ■■■am, d{hib2 ■ ■ ■ bn)^-d {iaia2 ■■■am, bib2 ■ ■ ■ 5„}}) 

contains summands whose coefficient are pairings of components of A (a) with b, or pairings 
of a with components of A(6), namely, 

bj)bib2 ■ ■ ■ ■ ■ • Q-i-j-l * * * Clffi 0 (l\(l2 ■ ■ ■ 0-2—+ 1 

ij k 

- '^'^{ai,bj)bib 2 ^^^ bj—ibj ■ ■ ■ bj 0 - 2+1 ‘ ‘ ‘ am ^ 0-102 * * * ai—\bj * * • bjbj-\-\ * * * 622 , 

i,j i 

if we write Ak{ai) = ajaf ■ ■ ■ a\ and Ai{bj) = " 'b^j- However, from the cyclicity of the 

pairing (see (|4.3I) or its general form (|4.6D l. these two types of terms exactly cancel with each 
other. Thus the double bracket commutes with the differential. □ 

Remark 4.5. One can easily extend , —]^ to R by taking fr, 1]^ = 0. 

5. Brackets on the bimodule of one-forms 

Let C be a cyclic A^o coalgebra and let R := ClooiC). Using the double bracket on R 
dehned in Lemmawe introduce a double bracket on 0^ and the induced bracket on 
Then we consider the corresponding Lie brackets on 0^ and 

5.1. Double bracket on First we dehne a double bracket : R x {R® R) 

R 0 (i? 0 i?) © (i? 0 i?) 0 i? as follows 

:= lr,p} (g) q + (g> lr,q}, (5.1) 

where J is a double bracket on R defined in Lemma 14.41 and in the right-hand side of 

(EtI, the first summand lies in R 0 (R 0 ii) and the second lies in (Rg R) g R. Then one 
can show 

Lemma 5.1. {RgR, f is a DG double n-Poisson R-bimodule. 

Proof. We need to verify axioms (z) — (in) for the double bimodule. We first verify 
(z) ir,q-{pi gp 2 )}R^R = ir,q}{pi g P 2 ) + f r,pi gp2}R<S)R- 

By dehnition the left hand side (LHS) is 

ir, q^Pigp2}R(i)R = ir,q}^{pigp2) + {-l)^'‘^’-^''^^'^h^ir,Pi}gp2 

+ {-l)(\<i\+M(\^\+^)q . p^ g {{r,p2} 

which is identically equal to the right hand side (RHS). Next we verify 

(ii) Ir ■ q,pi gp 2 }R^R = r*iq,pi 0 P 2 T,pi gp 2 }R^R*q- 

Indeed, the LHS is equal to 

ir ■ q,PiJ 0P2 + (-l)IPil(l^l+l9l+"')pi 0 fr • q,p2i 

= r* J 0P2 + *qgp2 

+ (-l)IPil(H+M+-)pi 0 (r * lq,p2} + i-l)\^\^\P^\+^^ir,p2}} * q) 
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and the RHS is 

^ J ®P 2 + 0 r * J 

+ (_l)kl(|Pl| + b2|+n)+|g||p2||^^^^^ * g 0P2 

+ (_l)kl(|Pll + b 2 |+n)+|pi|(|r|+n)p^ ^ ^r,p 2 } * q 

and hence they are equal. Similarly, we can prove the Jacobi identity (in). 

Next we show that -8^—, — commutes with the differential. Recall that cIr^r = 

d_R 0 1 + 1 0 dfi. So we need to prove 

dR ^'r,p 0 Q^r^r = ^dR{r),p 0 q^R^R + ( —1 

Indeed, using (15.ip one has 

dRir,p®q}j^^^ = dRlr,p}^q+{-l)^^^+^P^+'^lr,p}(g>dR{q) 

+ (-l)l^’l(l"l+")dR(p) 0 ir, + (-l)bl(bl+n+i)^ ^ qj . 


idR{r),P®q}Rf^R 


idR{r),p} 0 g + 0 -g;(iR(r), q} ; 


ir,dR{p(g>q)}j^^j^ = ir,dR{p)0q} + {-l)^P^ir,p®dR{q)} 

= Ir, dR{p)} 0 q + (-l)(IPl+i)(l^l+-)dpj(p) 0 Ir, qj 
+ (-l)l^lfr,p^0dpj(g) + (-l)l?’l(H+-+i)p0|p,di?(g)^. 
Combining the RHS of these identities we get 

{dRir,p}} - ldR{r),p}} - i-l)\^\+^lr,dRip)}}) 0 q 


+ (_l)bl(bl+n+i)p 0 {dRir, qj - idR{r),ql - (-1)1^'+"^r, dRiq)}) (5.2) 


and this expression is equal to 0, since by Lemma 14.41 -8)—,—)^ commutes with dR. This 
finishes our proof. □ 

We claim that the bracket in (15.ip can be restricted to n)j. Recall that = ii 0 .s~^C 0 R 
and n|j ^ = s~^C 0 R, where identifications are given by the map I defined in p2.3p . Indeed, 
let 


OJ = {s ^Vl...S ^Up_l) 0 S 0 (s ^Up+l...S ^Vm)^^R. 

Then I(a;) = 5-s“^Up0c—60s“^Up'C, where b = ... s“^Up_i) and c = (s“^Up+i... s~^Vm) 

and one has 


= la,b- s-^Up J 0 c + (-l)(l^l+l^ 0 p)(bl+n )5 . ^ 


— 0 s ^Up • c — (—0s ^Vp-c^ 

= fa, 0 f a, ■ s^^Up 0 c (5.3) 

+ (_l)bl(H+n)5.|„^5-i^pj{i)^|a,s-^Upf(2)0c (5.4) 

+ (-l)(l^l+l^"Vl)(l“l+^)6.s-^i;p0fa,cf(^)0fa,cf(2) (5.5) 

— fa, 0 f a, 0 s“^Up ■ c (5.6) 


fa, I(w)f ijigiK 
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- .c ( 5 . 7 ) 

_ (-l)(l^l+l^"Vl)(l«l+n)5^s-i^p. (5.8) 

Now (j5.3p + (l5.6p G i? (8) and (I5.5p 4- (15.8p G (8) R. On the other hand 

([23p_(_i)l''l(H+O5 0|a^s-i^p;^a).|a,s-^r;pj(2)8)c G ® i?, (5.9) 

([52|) + (_l)|b|(H+n)5^|^^g-l^^j(l) ^ (5.10) 

These two formulas hold since, for example in (j5.9l) . by taking out the third common compo¬ 
nent c in the tensor, the first two components exactly lie in 0|j. Thus, we dehne ■^—, — : 

Rxn]^^ {R0 n)j) © (0|j © R) as 

:= fa,I(a;))^^^^ (5.11) 

and we have proved 

Corollary 5.2. (fl)j, f ) is a DG double n-Poisson sub-bimodule of R® R. 

R 


5.2. Lie brackets on 0|j and Let us recall some notations from the previous section. 

First, {—, —} := fj-R o |)—, —(g-, where fj-R is the multiplication map on R. Second, 

where is the bimodule action map. 

Theorem 5.3. Let C be a cyclic A^o coalgebra of degree —d and let R = LtooiC)- Let 
n := 2 — d. Then 

(a) {—, —} induces a DG n-Lie algebra structure on and a DG n-Lie module on R. 

(b) {—,—and make fljj and into DG n-Lie modules over R^^. 

In particular, H,(i?t,) is a graded n-Lie algebra and H,(ii), H,(fl|j) and H,(n)jjj) are n-Lie 
modules. 

Proof. Follows from Proposition 13.Ill for the double bracket on R defined in Lemma 14.41 and 
the double bracket on dehned in Corollary 15.21 □ 

Now we turn our attention to the 2-periodic sequence of complexes 


Sift! — Ji — Oji,, 

which by Proposition 12.81 is identical to the cyclic bicomplex of C. Our claim is 

Theorem 5.4. d and fd are morphisms of Lie modules, that is, 

I(d{r, g}) = {r, ^(g)}^!^ ^ > /3 {©= {© /3(w)}. 

We need the following auxiliary statement 
Lemma 5.5. Let r ^ R and u = q® s~^v G l. Then 




{r, g}s ^u©l —{r, g}©s 


_l_ (—l)l'jl(hl+"') (gi. {7-^ s © 1 — <7 © {r, s ^u}) 


(5.12) 


(5.13) 
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Proof. It follows directly from the definition of the double bracket on Indeed, we have 

= fiolr, 

= o [Ip q ■ s~^v (g) 1 ^^^^ -ir,q(^ 

= o [f ^ 1 --g^r, g J ® 

+ o [q ■ Ir, s“^i;J ® 1 - g (g) fr, 

= {r, ( 7 }s“^i; (g) 1 — {r, g} (g) s“^i; 

_l_ o [g • ^r, s“^i; (g) -^r, 0 1 — g (g) {r, 0 l] 

_l_ (—o [g 0 {r, 0 1 — g 0 -^r, 0 ^r, s“^i; 

= {r, 0 1 — {r, g} 0 s“^i; 

_l_ (^_iy 9 l(kl+«) (^q . 0 ^r, s“^i; — g 0 {r, }) 

_l_ ^_iy9l(hl+«) (^q . (g) 1 — gi. 0 ^r, 

= {r, q} ■ s~^v 0 1 — {r, g} 0 s“^i; + (—l)l'?l(l^l+"’) (g • {r, 0 1 — g 0 {r, . □ 

Proof of Theorem \5.4\ To prove the first identity of (I5.12j) , it suffices to show 

I((9{r,g}) = {r,a(g)}f 2 ^ . 

By (12.41) . we have I(cl{r, g}) = {r, g} 0 1 — 1 0 {r, o'}. On the other hand 

= hnj^irMdiq))}R^R = fJ-Qi^ir,q<^l-l<^q}ji^ji 
= ® 1 - 1 ® I?-, = {r, g} 0 1 - 1 0 {r, q}. 

Let uj = q® for some q & R and v € C. Then 

I3{u) = q ■ s~^v - • q , I(a;) = q ■ s~^v 0 1-^0 s~^v , 

and 

{r,/3(a;)} = {r, g • — (— 1 ) 1 ^ s“^i; • g} 

= {r, g} ■ s“^i; + (—l)l9l(hl+”')g • {r, s“^i;} 

_ (_l)h-T|M{^^ 5 - 1 ^} . q _ (_l)h-T|(|g|+|r|+n)^-l^ . 

On the other hand, by the commutative diagram (|2.7p for R, we have 

P{{r,uj}i^) = IJ^oa{l{r,u!}^iJ . (5.15) 

Using (I5.13P , one has 

P{{r,u}^) = {r,g}-s-^i;-(-l)l"''^l(l"l+l''l+")s-iu-{r,g} 

+ (_l)kl(IH+n)^ . g-i^} _ (_i)h-Mkl{r^ s-i^} . q, (5.16) 


We finish our proof by comparing (|5.14l) and (I5.16P . 


□ 
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6. A^-Koszul Calabi-Yau algebras 


Definition 6.1 (Ginzburg [23]). An associative algebra A is said to be a Calabi-Yau algebra 
of dimension d if A is homologically smooth and there exists an isomorphism 

r] : RHom^ 0 ^op(A, A® A) ^ A[—d] 

in the derived category of A ( 8 > A°P-modules. 


In the above definition, an algebra A is said to be homologically smooth if A is a perfect 
A ( 8 ) A°P-module, i.e. it has a finitely-generated projective resolution of finite length. 

Ever since they are first introduced by Ginzburg, Galabi-Yau algebras have been widely 
studied by mathematicians from various fields. 

So far, most of Galabi-Yau algebras appeared in literature are Koszul or Y-Koszul, (the 
most general case is due to Van den Bergh [IB]), and hence they are all of the form 

f^cxD(A‘) ^ A, 


where A‘ is the Koszul dual A^o coalgebra of A, which is a cyclic A^o coalgebra. 

We now recall the definition of Y-Koszul algebras. Let V be a finite dimensional vector 
space over k, and S be a subspace of , where Y > 2 is an integer. Let TV be the tensor 
algebra of V, and (S) be the two-sided ideal of TV generated by S. The quotient algebra 
A := TV/(S) is called an N-homogeneous algebra, and is denoted by A = A{V,S). The 
Y-homogenous algebra A^ := TV*/(S-^) is called N-homogeneous dual algebra, where V* is 
the dual space of V and S-^ C (V*)®^ is the orthogonal complement of S in (y*)^^. The 
N-Koszul dual algebra A' of the Y-homogenous algebra A is defined as follows: set 


Nj, if i = 2j 
Nj -1-1, if i = 2j -\-1 


and define A' := We also denote A' := (A')* C TV, which is called N-Koszul 

dual coalgebra of A. Here we use the convention that the dual of a graded space with finite¬ 
dimensional component is the direct sum of component-wise duals. 


Definition 6.2 (Berger |3|, Y-Koszul algebra). An Y-homogeneous algebra A is (left) Y- 
Koszul if the trivial left A-module Ak admits a linear projective resolution 

-- Pi -t ^- ^Pi^Po^Ak 

with Pi = A®k A'-, and if we choose a basis {e*} for V and let {e*} be the dual basis, then 
the differential b = ™ ^ Cj <8 e*. 

One can define the right Y-Koszul algebra similarly. In [3], it is proved that an Y- 
homogeneous algebra is left Y-Koszul if and only if it is right Y-Koszul. Note that 2-Koszul 
algebras are Koszul algebras in the usual sense. For a 2-Koszul algebra A, it is known that the 
Yoneda algebra Ext^(/c, k) is an associative algebra. The Aoo algebra structure on Ext^(A:, k) 
is started by Lu, Palmieri, Wu and Zhang in papers I3Z1EBI- 

Proposition 6.3 (Berger-Marconnet; He-Lu). Let A be an N-Koszul algebra. Then its 
Yoneda algebra Ext^(A:, k) is isomorphic to its N-Koszul dual algebra A' as unital, augmented 
Aoo algebras. 


Proof. See Berger-Marconnet (5] Proposition 3.1], or He-Lu [251 Theorem 6.5]. 


□ 
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More precisely, the authors cited above showed that for A^-Koszul algebras, all the A^o 
operators but vanish. Now if A is an A^-Koszul algebra, then A^ is a co-unital, 

co-augmented ^oo coalgebra. 

Theorem 6.4 (Dotsenko-Vallette). Let A be an N-Koszul algebra, and he its N-Koszul 
dual ^oo coalgebra. Then the morphism of DG algebras rioo(^‘) A is a quasi-isomorphism. 

Proof. The N = 2 case is standard, see, for example, Loday-Vallette IMl Theorem 3.4.6]. For 
the A^-Koszul case, see Dotsenko-Vallette |18[ Theorem 5.1]. □ 

Proposition 6.5 (He-Van Oystaeyen-Zhang; Wu-Zhu). Let A be an N-Koszul algebra (N > 
3). Then the following conditions are equivalent: 

(1) A is a d-Calabi-Yau algebra; 

(2) 'Eyii\{k,k) is a unital and augmented cyclic Aqo algebra of degree —d. 

Proof. See Wu-Zhu [ISl Corollary 4.11] and He-Van Oystaeyen-Zhang [271 Proposition 3.3]. 

□ 

In view of Lemma 14.21 we can summarize the above three results in terms of ^oo coalge¬ 
bras in the following form (due to the works of Berger, Dotsenko-Vallette, He-Lu, He-Van 
Oystaeyen-Zhang, Van den Bergh and Wu-Zhu cited above): 

Theorem 6.6. Let A be an N-Koszul algebra. Then A is d-Calabi-Yau if and only if the 
Koszul dual A^o coalgebra A'‘ is cyclic of degree —d. Moreover, in this case r2oo(^0 ® 

cofibrant resolution of A. 

The most general form of this theorem is due to Van den Bergh given in |46l cf. Theorem 
11.1]. Van den Bergh does not use the terminology “WKoszul”, but it is clear that all N- 
Koszul algebras are Koszul in the sense of |l6j, where the latter is the linear dual of the bar 
construction. Since the finite dimensionality Ext^(A;,A:) is essentially used in the following 
construction, we focus only on the iV-Koszul case. 

6.1. Examples. In this subsection, we list several known examples of iV-Koszul Calabi-Yau 
algebras, and therefore they all admit a derived non-commutative Poisson structure. Note 
that by the above theorem, we only need to describe the cyclic ^oo algebra structure on their 
Koszul dual. 

First let us remind that all graded 2- and 3-Calabi-Yau algebras are iV-Koszul. This fact 
is proved by Berger-Marconnet in [SJ Proposition 5.2]. Being graded is important here, since 
from Davison’s result there exist 3-Calabi-Yau algebras which are not superpotential algebras 
and hence not V-Koszul f|16|L 

6.1.1. Three dimensional Sklyanin algebras. Let a,b,c € k. The three dimensional Sklyanin 
algebra A = A{a, b, c) is the graded /s-algebra with generators x, y, z of degree one, and 
relations 

/i = -|- bzy -p ayz = 0, 

/2 = azx -|- cy‘^ -|- bxz = 0, 

/s = byx + axy cz^ = 0. 

This Sklyanin algebra is one of the important examples of Ginzburg’s Calabi-Yau algebras 
(see [23l Example 1.3.8]). 
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Smith showed in [42 1 Example 10.1] that A 
by ^ 1 ,^ 2 , ^3 with relations 

c?2?3 - 
C?36 - &?1^3, 

c 66 - 


Koszul, whose dual algebra A' is generated 

- a^2^3, 
b^2 - a^3^i, 
b^3 ~ 


To describe the non-degenerate pairing, choose a basis for 


Al'; 


^0 

4 


1 

t 2 t2 p2 

?l5S2)S3 

66^3 


The pairing (tt, v) for homogeneous u^v € j 4' is given by the scalar of uv with respect to 
^iC 2 ^ 3 - This pairing is cyclically invariant, and therefore we obtain a derived non-commutative 
Poisson structure on A. 


6.1.2. Four dimensional Sklyanin algebras. Let a, 13,'y a k such that 

a + /3 + 7 + a /?7 = 0, {a, /3, 7 } fl {0, ±1} = 0. 

The four dimensional Sklyanin algebra A = A{a, /3, 7 ) is the graded /c-algebra with generators 
xq,xi,X 2 ,x^ of degree one, and relations fi = 0 , where 


fl = XoXi - XiXo - a{x2X3 + X3X2), 
/S = X0X2 - X2X0 - (3{x3Xi + X1X3), 
fb = X0X3 - X3X0 - 7 (xiX 2 + X2X1), 


f 2 = XoXi + XiXo - {X2X3 - X3X2), 
fi = X0X2 + X2X0 - {X3XI - XIX3), 
fe = X0X3 + X3X0 - ixiX2 - X2X1). 


As proved by Smith and Stafford ([331 Propositions 4.3-4.9]), A is Koszul, whose Koszul dual 
algebra A' is generated by ■^ 0 )^ 15 ^ 25^3 with the following relations: 


Co" =fl= f2 = Cl = 0, 

2^2C3 + (a + l)^o6 - (a - l)Ci?o = 0, 
2^36 + (a - l)Co6 - (a + l)?i?o = 0, 
2^36 + (/3 + l)?o?2 - {fi - 1)6^0 = 0, 
266 + (/3 - 1)66 - (/3 + 1)66 = O5 
266 + (7 + 1)66 - (7 - 1)66 = 0 , 
266 + (7 - 1)66 - (7 +1)66 = 0. 


Smith and Stafford also showed that A' admits a non-degenerate symmetric pairing. To see 
this. A' is spanned by the following elements: 


^2 

^3 

^4 


1 

6)65656 

66 ) 66 ) 66 ) 66 ) 66 ) 66 
666 ) 666 ) 666 ) 666 
6666 
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and all other degree components are zero. Also, in degree 4, we have the following identities 

for 1 < i < 3, = 0 for i / j, 

■CoCsCoCs = T-^-— 

1-7 

1 + A 1 + q; 

= Z -- CoCl'CoCl- 

1 -/3 1 -7 

The pairing (o, b) for homogeneous a, 6 G A' is defined to be the scalar of ab with respect to 
One easily sees the pairing such defined is graded symmetric and is cyclic. Therefore 
A(a, (3, 7 ) is Koszul Calabi-Yau of dimension 4, and there is derived non-commutative Poisson 
structure on it. 


6.1.3. Universal enveloping algebras. Let us first say a bit about linear-quadratic Koszul 
algebras. Suppose K is a finite dimensional vector space. A linear quadratic relation is a 
subspace 5 C K © And we may define the linear quadratic algebra A(K, S) as before. 
In this subsection, we assume S satisfies the following two conditions: 

snv = 0, (6.1) 

{5©K + y©5}nK®2 ^ (6_2) 

Let qS : S ^ be the projection. 

Definition 6.7 (Linear quadratic Koszul algebra). A linear quadratic algebra A = A{V, S) is 
said to be Koszul if it satisfies conditions (El]) and () 6 . 2 p and if the quadratic algebra A(K, qS) 
is Koszul. 


Since qS is the image of the projection of S to K®^^ we in fact have a map 


(j) : qS ^ V 


such that S = {X — (f>{X)\X G qS}. Denote by {qA)' the quadratic dual coalgebra of 
T{V)/{qS), then this (j) gives a map 

d^ : {qAy ^ qS ^ V, 

which extends to a coderivation : (gA)‘ TiV). 

Now if 

{S © K + K © 5} n c qS, 

then the images of lie in {qAy. We in fact get a co-derivation 

d^ : {qAy {qAy. 


And if furthermore, 

{5©K + K©5}nK®2 c 5©K®^ (6.3) 

then {d^Y — 0) we obtain a differential graded coalgebra {{qAy, d^), which is the Koszul 
dual coalgebra of A{V,S), and is denoted by {A{V,Sy,d). Its linear dual is a differential 
graded algebra, and is denoted by A{V, S)'. For more details, see [Ml §3.6]. 


Lemma 6.8. Suppose A{V,qS) is a Calabi-Yau algebra of dimension n. Then A{V,S) is a 
Calabi-Yau algebra of the same dimension if and only if any nonzero element in AfV, Sfu is 
a cycle. 
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Proof. As underlying spaces, A(l/, 5)' is isomorphic to A{V,qS)'. Since A{V,qS) is Calabi- 
Yau, there is a cyclically invariant non-degenerate pairing on A{V,qSy, which then gives the 
same pairing on A{V, S)'. Thus to show A{V, S) is Calabi-Yau, it is equivalent to show such 
pairing respects the differential, which is again equivalent to show the fundamental chain (the 
top chain in A{V, S)‘) is a cycle. This completes the proof. □ 

Suppose 0 is a Lie algebra, then the universal enveloping algebra U{q) has Koszul dual 
differential graded coalgebra which is exactly the Chevalley-Eilenberg complex (CE,(0),d). 
It is also known (c/. [241 Chapter V]) that the top chain of the Chevalley-Eilenberg complex 
is a cycle if and only if Tr(ad(5)) = 0 for all 5 € 0. A Lie algebra satisfying this property 
is called unimodular. Examples of unimodular Lie algebras are abelian Lie algebras, semi¬ 
simple Lie algebras, Heisenberg Lie algebras, and the Lie algebra of compact groups. Thus 
as a corollary to Lemma 16.81 we have the following statement, which is due to He, Van 
Oystaeyen and Zhang m Theorem 5.3]). 

Theorem 6.9 (He, Van Oystaeyen and Zhang). Let g be a Lie algebra of dimension n. Then 
the universal enveloping algebra U{g) is n-Calabi-Yau if and only if q is unimodular. 


The derived non-commutative Poisson structure on 17(0) is highly nontrivial, even in the 
polynomial case {i.e. the case where 0 is abelian); for more details see l}9l 


6.1.4. Yang-Mills algebras. Yang-Mills algebras are introduced by Connes and Dubois-Violette 
m)- An algebra A is called a Yang-Mills algebra if A is generated by the elements Xi 
{i € {1, • • • , n}) with the following relations: 

g"^[xi,[xj,xi]] =0, I € ,n}, 

where (g^^) is a symmetric invertible n x n-matrix. Equivalently, A = A(V, S') is a 3- 
homogenous algebra, with V := kxi, and S C spanned by 

g'’^ {Xi 0 Xj ® Xi -\- Xi ® Xi ® Xi — 2Xi 0 X; ® Xj). 


In literature, the above A is also denoted by YM(n). 

Yang-Mills algebras are 3-Koszul 3-Calabi-Yau. In fact Connes and Dubois-Violette dm 
Theorem 1]) proved that Yang-Mills algebras are 3-Koszul, and Berger-Taillefer (0 Propo¬ 
sition 4.5]) proved they are 3-Calabi-Yau. 

We give a brief description of the A^^ operators and the pairing on YM(n)\ For simplicity, 
we take {g^^) to be the identity matrix. Denote V = Span;.{xi, X2, ■ ■ ■ ,Xn}, and 

S = Span;, 1 ^ 7 ^ <7 


Then 


YM(n) = rY/(S). 


And the homogeneous dual algebra of YM(n) is given as follows (see Connes and Dubois- 
Violette m Proposition 1] and also Herscovich and Solotar [29l Proposition 2.3]): 

YM(n)^ = kl, YM(n))^ = Y*, YM(n)^ = kx*x*, 

YM(n)^ = 0]Li kx*z, YM(n)^ = kz^, YM(n))^ = 0 (i > 4), 

where 2; = Koszul dual algebra of YM(n) is thus given taking 


YM(n)o = YM(n)^, YM(n)i = YM(n))^, 
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YM(n )2 = YM(n)^, YM(n )3 = YM(n)^, 

and the operators (recall that we only have two nontrivial operators /U 2 and ^3 in this 
case) are given as follows: denoting the above identification by 


then for /i, / 2 , /a € YM(n)', 


At 2 (/l,/ 2 ) = 


0 : YM(n)l ^ YM(n)V 


</>-'(</>(/!) • m)), if </>(/!) • </>(/2) i YM(n)^, 

0 , otherwise, 


and 


M3(/i, /2, /s) — 


(6.4) 


(6.5) 


</> X/2) • </>(/ 3 )), if <?^>(/i) • (?i(/2) •'/'(/a) ^ YM(n)^, 

0 , otherwise. 

There is a pairing on YM(n)^, which is again the scaler of the corresponding product with 
respect to and hence induces the pairing on YM(n)' via cj). 


7. Derived representation schemes 

As we mentioned in 311 according to the Kontsevich-Rosenberg Principle, any meaningful 
non-commutative geometric structure on an associative algebra A should naturally induce 
its classical counterpart on the representative scheme Repy(A), for all /c-vector space V. 
Cuntz and Quillen in m first studied the smoothness problem for associative algebras, and 
introduced the notion of smooth algebras. If an algebra is smooth (e.g. cofibrant), then its 
representation scheme is smooth, too. However, in practice, an algebra is rarely smooth, and 
therefore it is really difficult to study the geometry on the representation scheme. 

In the following, we first briefly recall the derived representation scheme of a DG algebra, 
and then discuss its relations to cyclic homology; most materials are taken from mm- After 
that, we recall several results on derived non-commutative Poisson structures from [T]. 

7.1. Derived representation scheme and cyclic homology. We start with the repre¬ 
sentation scheme of associative algebras. Suppose A is an associative algebra, and P is a 
A:-vector space. Consider the following functor 

Repy(A) : CommAIg^ ^ Sets, B i-> HomAig^,(A, End(P) ^ B), 

where CommAIg^, is the category of commutative, unital /c-algebras and Alg^ is the category 
of unital /c-algebras. This functor is representable, which means there exists a commutative 
algebra, which we denote by /i:[Repy(A)], such that 

HomAigj^(A,End(P) 0 H) ^ HomcommAigfe(^[Repy(A)],H). 

Keeping V fixed, we in fact get a functor 

(-)y : Algfc ^ CommAlgfc, A A:[Repy(A)] 

which we call the representation functor in V, and the corresponding scheme is called the 
representation scheme. The representation functor can be extended to the category of DG 
algebras, DGA^, which has a model structure in the sense of Quillen m- In [3] the authors 
showed that (—)i/ defines a left Quillen functor on DGA^ and therefore it has a total derived 
functor 


L(-)y : Ho(DGAfc) ^ Ho(CDGAfc) 
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from the homotopy category of DG algebras to the homotopy category of commutative DG 
algebras. When applied to A, L(^)r/ is called the derived representation scheme of A, and is 
represented by a commutative DG algebra, which we denote by DRepy( 2 l). The homology of 
DRepy(^), namely H,(DRepy(24)), only depends on A and V, and is called the representation 
homology of A. We have that Ho(DRepy(j4)) is exactly /c[Repy(j4)]. 

Now let us remind some results in model category theory (we recommend the excellent 
survey of Dwyer and Spalinski m for an introduction to model categories). Suppose ^ is a 
model category, then the homotopy category Ho(^) is a category where the objects remain 
the same as A, and the morphisms for two objects, say A and B, are given by 

HomHo(^) (^, .B) := Hom_ 4 (( 5 ^, QB)/quasi-equivalences, 

where QA and QB are the cofibrant resolutions of A and B respectively (for more details 
see [191 §5]). In the category of non-negatively (or non-positively) graded DG algebras, any 
quasi-free resolution is a cofibrant resolution. 

Now suppose ^ is a DG algebra, and R is its cofibrant resolution. Then by definition 
'L{A)v can be represented by B i-A DRepy(A). A key result in [3] is the construction of the 
higher trace map 

Tf : H.(B^) ^ H.(DRepy(A)). 

Via Feigin-Tsygan’s result H,(Bi,) = HC,(A) (see [20] and also ^ Proposition 12.41) and by 
the fact there is a surjective map HC,(A) —HG,(A), we in fact get a map 

Tr : HC.(A) ^ H.(DRepv.(A)), (7.1) 

called the derived trace map, which, when restricting to degree zero, is exactly the usual trace 
map = A/[A,A\ —>■ fc[Repy(A)]. 

For an associative algebra A, Repy(A) has a natural GL(V) action, and the covariant 
space Repy (A)*^^^'^^ classifies the isomorphism classes of representations of A on V. In the 
derived representation case, there is an analogous result, and moreover, the authors of |3| 
showed that there is an isomorphism 

H.(DRepy(A)^L(^)) ^ H.(DRepy(A))GL(^) 

and the derived trace map (EH) is GL(V) invariant, and hence is a map 

Tr : HC.(A) ^ H.(DRepy(A))^L(^). 

7.2. Derived non-commutative Poisson structures. The above general setting is suc¬ 
cessfully applied to the study of the derived non-commutative Poisson structures m)- 
Suppose A is an associative algebra, or more generally a DG algebra. A derived non- 
commutative Poisson structure on A, following the Kontsevich-Rosenberg Principle in a 
naive way, is such a structure on its cofibrant resolution QA that naturally induces a DG 
Poisson structure on its derived representation scheme DRepy(A) (or more precisely on 
DRepy(A)‘^^('^)), for all V. In [T], the authors proposed the following: 

Definition 7.1 (Derived non-commutative Poisson structure; [T]). Let A be a DG algebra. A 
derived non-commutative Poisson bracket of degree n on A is a DG non-commutative Poisson 
bracket of degree n in the sense of Crawley-Boevey on its cofibrant resolution QA, namely, 
it is a differential graded Lie bracket of degree n on (QA)(, such that 

[a, —] : (QA)if — (QA)^^ 
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is induced by a derivation da '■ QA —>• QA, which commutes with the differential. 

The derived non-commutative Poisson bracket does not depend on the choice of resolutions 
QA up to homotopy, and hence is well defined on the homotopy category of DG algebras. 
The following is the main result proved in [T]: 

Theorem 7.2 ([T] Theorem 9). Suppose A is an associative (DG) algebra equipped with a 
derived n-Poisson structure. Then there exists a unique graded n-Poisson algebra structure 
on H,(DRepy ( 74 ))*^'^^'^) for all V such that the derived trace map is a map of graded Lie 
algebras. 


8. Proof of main theorems 

8.1. Proof of Theorems 11.11 and 11.21 Let A be an A^-Koszul d-Calabi-Yau algebra. Then 

by Theorem 16.61 there is a cofibrant resolution p : QA —» A, where QA = A^ is 

a cyclic ^oo coalgebra of degree —d. Next, by Lemma and Corollary 12.51 we get 

HC.(Al) ^HC.(Ali) 

where R = r2co(^‘). And by Corollary 12.101 one has 

Proof of Theorem \l.l\ By Theorem 15.81 there is a bracket , —} making H,[.R^] a (2 — d)- 
Lie algebra and a bracket making J a Lie module over it. Since, the first 

one can be identified with HC,(A) and the second one with HH,(A), we have proved this 
theorem. □ 

Proof of Theorem \l.dl We recall (see (12.21) 1 that CC,(C') = Ker(l—T) = Coker(l—T). Hence 
from the 2-periodic complex (j2.9p one obtains the following exact sequence of complexes 

0- ^ CC,{C) R -iCC.(C)-^0, (8.1) 

since — ft = 1 — T. Note we can identify CC,(C') with R^^ which is a Lie module and the inclu¬ 
sion i is a DG Lie module homorphism. /3 is a DG Lie module homorphism by Theorem 15.41 
and so is the projection vr. 

From (j8.ip we get the Connes long exact sequence for the coalgebra C 

-- HH.(C)-- HC.(C)-- HC._2(C)-- HH._i(C)-- 

By the above discussion the maps between homologies are Lie module homomorphisms. Fi¬ 
nally, by Corollary 12.51 and Lemma 12.91 this sequence can be identified with the Connes long 
sequence for the algebra A. □ 

8.2. Proof of Theorem 11.41 Let us first remind the definition of Hochschild cohomology 
groups. 

Definition 8.1 (Hochschild cohomology). Let A be an associative algebra, and M be an A- 
bimodule. The Hochschild cochain complex CH*(A; M) of A with value in M is the complex 
whose underlying space is 

0Hom(A®’^,M) 

n>0 
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with coboundary 6 : Hom(^®'^,M) —>■ Hom(yl®'^+^,M) defined by 
(<^/)(fl0) Ri, 02, • • • , On) 

n—1 

— Oq/( fli, • • • , Qn) ^ ^ ( 1) f (oq, ■ ■ ■ , OjClj+i, • • • , Qn) “1“ ( 1) f (oq, ' ' ' , 0)2_i)flj2.(8.2) 
i=0 

The associated cohomology is called the Hochschild cohomology of A with value in M, and 
is denoted by HH*(^;M). In particular, if M = ^, then A) is called the Hochschild 

cohomology of A. 

Definition 8.2. Let A be an associative algebra and let CH*(^; A) be its Hochschild cochain 
complex. 

(1) The Gerstenhaber cup product on CH*(H;H) is defined as follows; for any / G 
CH”(H;H), g G CH™'(H;H), and ai,... ,o„+m S A, 

f U g(Q,i, , On+m) ■— ( 1) /(oi,..., 0,j2)g(cin-t-l , • • • , CLn-t-m)- 

(2) For any / G CH”(H;H), g G CH™’(H;H), and ai,... ,a„+m-i G A, let 

/ ° ■ ■ ■ 1 On+m—l) 

n—1 

•— ^ 1)^ ^/(^l ? • • • ; ^2 —1 ? ; • • • ? ^z+m—l) ; • • • ; ^n+m—l) • 

The Gerstenhaber bracket on is defined to be 

(3) For any homogeneous elements / G CH”(H; A) and a = (oq, ai,..., am) G CHmiA, A), 
define the cap product n : CHm(H.;H) x CH"(H;H) —)■ CHm-n(^;^) by 

on/.— (oq/( oi, . . . , On), ... , am)j 

for m > n, and zero otherwise. 

Both the Gerstenhaber product and the Gerstenhaber bracket induce a well-defined prod¬ 
uct and bracket on Hochschild cohomology HH*(H;H), which makes HH*(H;H) into a Ger¬ 
stenhaber algebra, and the cap product makes HH,(H) into an (HH*(H),U) module. Recall 
that a Gerstenhaber algebra is a graded commutative algebra together with a degree —1 Lie 
bracket } such that 

a i-A {a, b} 

are derivations with respect to the product. 

Theorem 8.3 (Gerstenhaber). Let A be an algebra. Then the Hochschild cohomology HH*(H; A) 
of A equipped with the Gerstenhaber cup product and the Gerstenhaber bracket forms a Ger¬ 
stenhaber algebra. 

Proof. For a proof, see Gerstenhaber m Theorems 3-5]. □ 

The Gerstenhaber algebra structure is even more interesting in the case of cyclic A^o 
algebra case. Tradler, in his paper |44] . showed that for A^o algebras, one may similarly 
define the Gerstenhaber product and bracket on the Hochschild cochain complex, where 
the Gerstenhaber product is associative up to homotopy, and hence is well-defined on the 
cohomology level. Moreover he showed the following (see |441 Theorem 2]): 


KOSZUL CALABI-YAU ALGEBRAS 


31 


Lemma 8.4 (Tradler). Suppose C is a cyclic ^oo coalgebra of degree —d, and denote by A 
its dual Aoo algebra. Then there is an isomorphism of graded vector spaces 

: HH.(C') ^ 

Proof. Since C and hence A are locally finite dimensional, we have an isomorphism 

f: C ^ A[d] 
c I—^ (c,-) 

of A-bimodules, from which we obtain an isomorphism of chain complexes 
$ : CH.(C) ^ CH*(A) 

(ci, Cl, • • • , Cfi-|-i) I y {(cii, • • • , (Zjj) ' ^ (ci, ni) ■ ■ ■ (Cnj On) ' </’(Cn+l)}• 

In other words the isomorphism is given by 

4> : (ci,C 2 ,--- ,Cn+l) I-)> (ci,C 2 ,--- ,Cn) <8) </>(Cn) 

where the right hand side is viewed as an element in CH"(4.) via the isomorphism 

Rom{A^^,A) = {A*)®'^ ® A = ® A. □ 

Proof of Theorem \1.4\ Since is finite dimensional, from the above lemma any homogeneous 
element / € CH*(^') is a linear combination of elements in the form 

{ui,U 2 , • • ■ , Un) u, where ttj G A‘, u € 

For two elements, say / = {ui,U 2 , • • • , Un) u, g = {vi,V 2 , ■ ■ ■ , Vm) ® v, 

{/) 5'}g(^1) ^2) ■ ■ ■ j ^n+m—l) 

- ^ j ^i—1: ' ' ' i ' ' ' )3^n+m—l) 

i 

- - ,Xj-l,f{Xj,--- ,Xj+n-l),Xj+n,--- , Xn+m-l) 

j 

= • • • Ui-i{Xi-i)vi{Xi) ■ ■ ■ VmiXi+m-l)Ui{v)Ui+i{Xi+rn) ' ' ' UniXn+m-l)u 

i 

- • • • Vj-i{Xj-i)ui{Xj) ■ ■ ■ Un{Xj+n-l)Vj{u)Vj+l{Xj+n) ' ' ' Vm{Xn+m-l)v, 
j 

for any homogeneous element (xi, X 2 , • • • , Xn+m-i) € where rji = |g'|(|xi| + • • • + 

|xi_i|), r]j = |/|(|xi| H-h \xj-i\) and r] = (|/| - l)(| 5 t| - 1). In other words, 

{f,g}G = y~](-l)''^Ui(u)(ui, • • • • • • ,Vm,Ui+i,--- ,Un)®U 

i 

- ■ ■ ,Vj-i,Ui,--- ,Un,Vj+i,--- ,Vm)®V. (8.3) 

j 

Now let u = [ui|u 2 | • • • |un], V = [ui|u 2 | • • • \vm\ € f2oo(^0 t>e two homogeneous elements 
where Uj’s and Uj’s are generically different from each other. Viewing them as elements in 
CH,(74i) via the embedding (|2.1I) or (12.151) . we have 

n m 

B{u) = - ,Un,Uu--- ,Ui), B{v) = + - ,Vj), 

i=l j=l 
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where = ( ui H-h Uj )(|t(j+i H-h ) and £j = (|ui H-h 

Applying the above lemma to A‘, we have 

bil)(bi+i| + " 

' • + |Pm|)- 

n 

^oB{u) = 

^=1 

1 (8) Ui, 

(8.4) 

m 

^oB{v) = 

)^Vj, 

(8.5) 





where Ui = <p{ui) and Vj = 4>{vj). Thus for two summands in o B{u) and o B{v) 
respectively, say 

(Ul,--- ,Un-l)<^Un, {Vl,--- ,Vm-l)'^Vm, 

by (|8.3p we have 

{(wi,-- - ,Un-l) <8) hn, (vi, • • • ,Vm-l) ®Vm}G (8-6) 

= '^i-l)^^{sVm,SUi){ui,-■ ■ ,Vm-l,Ui+i, - ■ ■ ,Un-l)^Un 

i 

- '^{-l)’''^{sUn,SVj){vi,--- ,Vj-i,Ui,--- ,Un-l,Vj+i, - ■ ■ ,Vm-l)®Vm, 

3 

where m = \vm\ + (|v| + d){\ui+i\ H-h \un\ + d), Vj = \un\ + (|u| + d)(|fi| H-h 

and (—, —) is the graded symmetric pairing on C. 

On the other hand, by (14.7p we have 

^ O B{{ui, - ■ ■Un),{vi, - ■ ■ ,t’m)}DNCP 

= $ O ■ (ui,--- , Uj-i, u^+i, • • • Uj+i, • • ■ (8. 

id 

where e is given as in (14.7p . From this one sees that (18.61) are summands in (18.71) . For other 
summands in ^oB{u) and ^oB{v), by the same argument, their Gerstenhaber brackets also 
he in ()8.7p as summands. 

Also, from (18.61) one sees that in the expression 

{<h o B{u), <h o i?(t!)}G 

none of the summands literally cancels with any other, and therefore to show 

{$ o B{u), $ o B{v)}g = $ o B{u, u}dncp, 

it is enough to show both sides have the same number of summands. 

In fact, on one hand, from (|8.4p and (|8.5p we see that o B{u) and <I> o B{v) have n and 
m summands respectively, and therefore 

{<!> o B{u), o i?(u)}G 

has mn{m+n—2) summands. On the other hand, from (|8.7p we know that {u, uIdncp has mn 
summands, and each summand contains m+n —2 components, and therefore ^oB{u, u}dngp 
has mn{m + n — 2) summands. The numbers of summands are equal, which proves the 
theorem. □ 

Let us now recall a theorem of Keller m (see also Herscovich my- 
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Theorem 8.5 (Keller). Let A he an N-Koszul algebra, and denote by A' its Koszul dual 
algebra. Then we have isomorphism 

E : HH*(^') ^ HH’(^) 


of Gerstenhaber algebras. 

Proof. For N = 2, this is proved in Keller m Theorem 3.5]. For the general case, it is proved 
by Herscovich in |28j . □ 

Corollary 8.6. Let A be an N-Koszul Calabi-Yau algebra. Then Eo^oB maps the Leibniz- 
Loday bracket , — }dncp on R = ri(X)(A‘) to the Gerstenhaber bracket {—, — }g on HH*(A). 

Proof. The claim follows from a combination of Theorem 11.41 and Theorem 18.51 of Keller 
above. □ 

Roughly speaking, the above corollary says that the derived non-commutative Poisson 
bracket of a Koszul Calabi-Yau algebra is naturally mapped to the Gerstenhaber bracket on 
its Hochschild cohomology. 


8.3. Proof of Theorem II.61 Before we proceed to the proof of Theorem 11.61 let us recall 
a Batalin-Vilkovisky algebra structure on the Hochshcild cohomology HH*(^). In order to 
do that, let us first observe that, for an associative algebra A, we have the following two 
structures: 

— there is the Connes cyclic operator B : HH,(A) —> HH, 4 . 1 (A) whose square is zero; 
and 

— there is a Gerstenhaber algebra structure on (HH*(A),U), and HH,(A) is a module 
over HH*(A). Denote the action by n. 

For a d-Calabi-Yau algebra A, these two structures are perfectly matched. Note that there 
is an element oj € HHrf(A) such that the following map 


'Y : HH*(A) 

/ 


HHd_.(A) 

ifUJ 


( 8 . 8 ) 


is an isomorphism, called the non-commutative Van den Bergh-Poincare duality, for a proof 
of this result see m Proposition 5.5]. 


Definition 8.7 (Batalin-Vilkovisky algebra). Let {V, •) be a graded commutative algebra. 
A Batalin-Vilkovisky operator on V is a degree —1 differential operator 


A : Vi ^ Vi-i, for all i 
such that the deviation from being a derivation 

{o, 6 } := (—l)l“l(A(a* 6 ) — A(a)*5 — (—l)l“lo*A( 6 )), forallo, 6 €V (8.9) 

is a derivation for each component, i.e. 

{a, b»c} = {a, b}»c (—c}, for all a,b,c G V. 

The triple iV, •, A) is called a Batalin- Vilkoviksy algebra. 
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If {V, •, A) is a Batalin-Vilkoviksy algebra, then by definition {V, •, {—, —}), where {—, —} 
is given by (|8.9I) . is a Gerstenhaber algebra. In other words, a Batalin-Vilkovisky algebra is 
a special class of Gerstenhaber algebras. 

Let A be a d-Galabi-Yau algebra and let 

A := o 5 o ; HH’(y4) ^ HH—^(^), 

we have 


Theorem 8.8 (Ginzburg [23], Theorem 3.4.3). Suppose that A is an d-Calabi-Yau algebra. 
Then (HH*(^; ^), U, A) is a Batalin-Vilkovisky algebra. Moreover, the bracket (j8.9l) for this 
triple is exactly the classical Gerstenhaber bracket {—,— }g- 


Recently the first author with the fourth author and G. D. Zhou proved in [101 Theorem 
A] that for Koszul (and more generally, iV-Koszul) Calabi-Yau algebras, the isomorphism 
in Theorem 18.51 is in fact an isomorphism of Batalin-Vilkovisky algebras. The key point in 
the proof is that there is a canonical complex (the Koszul complex equipped with an appro¬ 
priate differential) which computes both HH,(A) and HH,(A'), and we have the following 
commutative diagram 

HH*(A')-^^ HH*(A) (8.10) 


$ 




HHrf_.(Ai) HHrf_.(A). 


Proof of Theorem ll.fA Let a,l3€ HG,(A). Then 




{-l)\^\+d+^B o^{^-\7r{B{a)) U ^-H7r(R(,5)))(8.11) 
(_l)|a|+d+i^ o A(^-i(vr(R(a)) U ^-\tt{B{P))) 


= (_l)l«l+<i+i^ o A(A(^-i(a)) U A(^-i(/?))) 


= (_l)l«l+<i+i+rf-|«|-i^|/^(^-i(c,)), A(^-i(,d))}g 
= ^{^-\B{a)),^-HB{l3))}^ 

= ^E{E-\^-\B{a))),E-\^-\B{/3)))}G 

= ^-^{<^oB{a),^oB{/3)}^ 

where the first two equalities follow definitions of {—,—}dvv and A respectively, the third 
one follows from (USD and the definition of A, the fourth equality follows from applying 
(|8.9p . the fifth equality follows again from the definition of A, the sixth equality holds due to 
Theorem 18.51 the seventh equality follows from (|8.10p . and finally the eighth equality follows 
from Theorem 11.41 □ 


Proof of Corollary \1.5[ It follows from (|8.1ip that 

B{a, /3}dncp = (-1)H+'^+1b o 4/(4^-i(B(a)) U 4/-i(B(/3))). 

Since A is a graded algebra the Connes operator B is injective (see e.g. [471 Theorem 9.9.1]) 
and hence 


{a,/S}DNGP = (-l)l“l+‘'+'4/(4/-i(B(a)) U 4/-i(B(/3))) . 
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Note that by (j8.8|) the RHS of the above identity 






and the result follows. 


□ 


9. Example: the polynomial algebra 


Let A be the symmetric algebra Sym(l/) where E is a vector space of dimension m > 1 


concentrated in homological degree 0. This is a quadratic Koszul, Calabi-Yau algebra of 
dimension m. By the well-known result of Hochschild-Kostant-Rosenberg, we can identify 
HH,(^) = and HH*(A) = 0,(R), where ri*(R) is the vector spaces of differential 

forms and 0,(R) is that of polyvector fields on V. Moreover, HC,(74) can be identified with 
(V)), where d is the de Rham differential. Using Corollary 18.61 we will give 
an geometric description of }dncp (to simplify the notation in the following we write 
{-,-}dngp as 

9.1. Koszul dual coalgebra. We recall that A is a quadratic Koszul algebra dehned by the 
quadratic data (U, S) with S C V<^V spanned by the vectors of the form v^u — u(^v, which 
has a minimal semi-free resolution R := Cl{C) given by the cobar construction of the Koszul 
dual coalgebra C := A' = C{sV, s^S). The coalgebra C is an exterior coalgebra whose degree 
n elements we denote by 


Kvi,V 2 , ■■■ ,Vn) ■= A si;2 A • • • A SVn) ■ 


We can always assume that ui,-- - ,Vn are linearly independent. The coproduct A : C ^ 
C Cl C is given by 


n 



p=0 crGShp^n 


where Shp^n-p C Sn is the subset of (p, n — p) shuffles. We denote counit in C by e. For 
example, we have 

A(|u(ui, U2)) = e ® p(ui, U2) -I- U2) C e -I- /r(ui) ® p{v2) - p{v2) C p{vi). 


We recall that a symmetric bilinear form of degree —d on (7 is a pairing (, ) : (7 C C —>■ A:[d] 
such that 


(a,5) = (—(5,a) for alia,5 € (7 . 


(9.1) 


It is cyclic if 


{a,b‘^)-b^ = {a},h) ■ 0 ?, for alia, 6 G (7 , 


(9.2) 


where A(a) = ^ a^ C and A(6) = ^ ® 6^ using Sweedler’s notation. 
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9.2. Cyclic forms on C. First we show 

Proposition 9.1. Let be a cyclic form on C. Then 

(1) {e,fi{vi,V 2 , ■ ■ ■ ,Vn)) = 0 for n < m - 1. 

(2) {ii{vi,V 2 , ■ ■ ■ ,Vn),tL{vJi,- ■ ■ ,wi)) = 0 for I < m - 1 if each m G Span{t(;i, • • • ,wi}. 

Proof. (1) Since n < m — 1 we can choose v such that v is not in Spanjui, • • • , Vn]. Let 
a = ^{v) and b = fi{vi,V 2 , • • • , Vk). Then 

A(a) = e 0 ^i{v) + fi{v) 0 e , A(6) = e 0 /r(ni, • • • ,Vn) + /i(ni, • • • ,Vn) ^e-\ -. 

Using (1921) we get 

(/i(n),/i(ni,--- ,Vn)) -e-h - ,n„) H- 

= ■ ■ ,Vn)) -6 +- ,Vn)) ■ h{v)- 

Since the left hand side does not contain the term with ^{v) we can conclude this statement. 

(2) Due to linearity of the form it suffices to show it in the case when each Vi is of one tCj’s 
and after reordering we can also assume that vi = wi, - ■ ■ ,Vn = Wn- So we only need to show 

{fi{wi,W2,-■ ■ ,Wi)) = 0. 

First, we choose v a V such that v ^ Span{u)i, • • • , uy}. Second, let a = fa{wi, • • • , Wn) and 
b = ■ ■ ■ ,wi,v). Then 

A(a) = e 0 /i(rci, • • • ,tc„) + //(rci, ■ • • ,Wn) 0 e H-, 

A(6) =-h ■■■ ,wi)® fi{v) + {-lYniv) 0 n{wi, ■■■ ,wi) -\ -. 

Now using (19.2p we get 

■ ■ ■ ,Wn),fJ-{v)) ■ ■■■ ,Wl) + ■ ■ ■ ,Wn),tJ.{wi, ■ ■ ■ ,Wl)) ■ H- 

= {e,fi{wi, ■ ■ ■ ,Wl,v)) ■ fi{wi, ■ ■ ■ ,Wn) + ihiwi, ■ ■ ■ ■■■ ,Wl,v)) -6-1 - 

Left side has no term with fi(v) while right side has only one term with fj,{v) and therefore 
coefficient in front of this term must vanish. □ 

Next, we prove the following statement 

Proposition 9.2. If v ^ Spanjui, • • • , Vn, wi, - ■ ■ , wi} then 

{fJ.{vi,V 2 , ■ ■ ■ ,Vn,v),fJ.{wi,- ■ ■ ,Wl)) = {fJ.{vi,V 2 , ■ ■ ■ , Vn), fJ-{v, Wi, ■ ■ ■ ,Wl)) . 

Proof. For a = fi{vi,V 2 , • • • , Vn, v) and b = fi{v, wi, - ■ ■ , wi): 

A(a) = fj,{vi, ■■■ ,Vn)0 fi(v) + (-!)"■ fi(v) 0 fi(vi, ■■■ , H- 

A(b) = ^(v) 0 ^(wi, ■■■ ,wi) + (-l)V(w^i, ■ ■ ■ , 0 h('i’) H- 

Since v ^ Span{t>i, • • • , rci, • • • ,wi}, the above terms in coproducts of a and b are the only 
terms containing fi(v). By (|9.2p we have 

{lJ.{vi,V2, ■ ■ ■ ,Vn,v),fl{wi, ■ ■ ■ ,Wl))fi{v) H-= {n{vi,V2, ' ' ' , Vn), fa{v, Wl, ■ ■ ■ ,Wl))fi{v) H- 

This finishes our proof. □ 

The next corollary follows immediately from Propositions 19.11 and 19.21 
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Corollary 9.3. We have 

■ ■ ,Wi)) = 0 

unless W := Span{i;i, i; 2 , • • • , Vn, wi, - ■ ■ , wi} = V. 

Proof. Let W ^ V. First, we consider the case when none of ufs in W. Then using Propo¬ 
sition [22] we obtain 

(//(ni,n 2 , • • • ,Vn),Kwi,--- ,Wi)) = {e,fJ,{vi,V2,--- ,Vn,Wi,--- ,Wi)). 

The RHS is 0 by Proposition 19.11 part (1). 

Second, we can assume that Vi € W for alH = 1, • • • , n. Otherwise, we can repeatedly use 
Proposition 19.21 to move those ufs which are not in W to the right. Finally, by Proposition l9.ll 
part (2), we have vanishing of the bilinear form in this case. □ 

The above results can be summarized into the following statement 

Proposition 9.4. Let V be an m-dimensional vector space and let A := Sym(y). Then 
the Koszul dual coalgebra C has a unique cyclic form and it is of degree —m. This form is 
completely determined by its value {e, fi{vi,V 2 , ■ ■ ■ ,Vm)), where {vi,V 2 , ■ ■ ■ ,Vm} is a basis for 

V. 


9.3. Lie bracket on HC,(A). We have an isomorphism T : &k{V) such that 

'^'(0 = The space 0*(P) equipped with BV operator A : 0*(R) 0*_i(R) such that 

the following diagram commutes: 


0fc-i(F) 


Qm-k+l^y-^ 


QkiV) - 


By Corollary 18.61 the bracket , —} on n*(F) is given by 

d{a,P} = T{T-Hda),T-i(d/3)}G 


where a,/3 ^ Q*{V) and {—, —}g is the Gerstenbaher bracket of poly-vector fields. 


Lemma 9.5. For given forms a and fd, their bracket is given by 
d{a,P} = 

where '^~^{da) = ^ and '^~^{dl3) = rj. 

Proof. Recall for a,b E 0*(F) their Gerstenbaher bracket can expressed in terms of A 
{a, 6 }g = (—1)'“' (^(o A 6) — A(a) Ab — (—l)l“la A A(6)). 

Hence using commutativity above diagram we have 

{^-\da),^-\d^)}G = (-ir“l“l“^A(T-i(da) AT-^(d/3)), 
and applying T we have 

^{^-\da),^-\dp)}G = (-l)'"“l"l“^^A(T-i(da) AT-i(d/3)) 

= (_l)"^-H-irfoT(T-^(da) AT-i(d/ 3 )). 
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Now using well-known formula 

we obtain 

'I'(^ ^((ia)A'I' ^{d(3)) = i^-l(da)A®-l(rf/3) {^•^-'^{(113)^) = >^9-^{da)dP, 

from which the result immediately follows. □ 

Since HH,(^) = n*(l/) and HC,(^) = ®n^^{y)/d{^'^~^{V)), we have established 

Corollary 9.6. The Lie bracket on HC,(A) and the Lie module structure on HH,(A) in 
Theorem, \1.1\ for A = Sym(l/) is given as follows. For a,fi & HC,(a1) or j3 & HH,(A), we 
have 

{a,/3} = 

where r] = '^~^{d/3). 


Remark 9.7. One can directly check that , —} is not a Lie bracket on n*(y), since the 
Jacobi identity fails. Thus {—,—} defines only a Lie module structure on HH,(^) not Lie 
algebra. 

More precisely, let 

a = x^yzdx, /3 = xyzdy, 7 = xzdz, 


and (jj = dx Ady A dz, then 

qi \da) = -X z— + ^ 
and we have 




(dli) = yz^^-xy-, 


T-i(d7) 


d 


{a,{/3,7}} 

{/?,{a,7}} 


x'^yz^dx — x^yzdz, 
—x^z^dy — x^yzdz, 
2x‘^yz‘^dx -|- 2x^yzdz. 


Thus we have 


{{a, /3}, 7 } - {a, {/3, 7 }} -|- {/3, {a, 7 }} = ?>x^yz^dx -|- x^z^dy + 2x^yzdz = d{x^yz ^), 


which is not zero, and therefore HH,( 74 ) with {—, —} above does not form a Lie algebra. 
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